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We proposeo characterizstructurakimilarity betweersourceandtargetprob-
lemsby the type andsizeof their structuraloverlap. Sizeof structuraloverlap
is capturedby a measureof graph-distance We investigatedthe influenceof

structuraloverlapon transfersuccessn analogicalproblemsolvingin two ex-

periments. In both experiments,for a fixed sourceproblemone of five tar-

get problemshadto be solved. In the first experiment,target problemsvar-

ied In superficialand structuralsimilarity to the source. In the caseof iso-
morphicsource/tagetrelationssuperficialsimilarity hadno impacton transfer
successvhile for a partialisomorphictarget solutionsuccessvasonly high if

sourceandtarget had identical surfaceattributes. In the secondexperiment,
surfaceof sourceandtargetwerekeptidenticalanddifferenttypesof structural
source/taget relationswere investigated:For problemswith a high structural
overlap sourceinclusive andtarget exhaustve source/taget relationsled both
to high transfersuccess.For partial isomorphicproblemswith a decreasen

structuraloverlap we could shav that transferwas successfulhslong asthe
commonpartof sourceandtargetwaslargerthantheir differentparts.

Keywords: StructuralSimilarity, Analogy ProblemSolving, Non-Isomorphic
Mappings

Intr oduction

Analogical reasoningis an often usedstratgy in everydayand academicproblem
solving. For example,if a personalreadyhasexperiencein planninga trip by train,
shemight transferthis knowledgeto planninga trip by plane. If a studentalready
hasknowledgein solving an equationwith one additive variable,shemight transfer
the solution procedureto an equationwith a multiplicative variable. For analogical
transferapreviously solvedproblem- calledsource- hasto be similar to the current
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problem— calledtarget. While a large numberof commonattributesmight help to
find ananalogy sourceandtargethave to be structurally similar for transfersuccess
(Holyoak& Koh, 1987). In theideal case sourceandtargetarestructurallyidentical
(isomorph)— but this is seldomtrue in real-live problemsolving. Typically, if the
structureof problemss in focus,we speakof analogy regardlessvhethersourceand
target are from the samedomainor from differentdomains(Vosniadou& Ortory,
1989). If sourceandtargetarefrom the samedomainandsimilarity judgementsare
basedon problemattributesratherthanrelations,we speakof case-basedeasoning
(Kolodner 1993).

Analogicalproblemsolvingis commonlydescribedy thefollowing (possiblyin-
teracting)componeniprocessege. g., Keane,Ledgevay, & Duff, 1994): represen-
tation of the target problem, retrieval of a previously solved sourceproblemfrom
memory mappingof the structuresof sourceandtarget, transferof the sourceso-
lution to the target problem,and generalizingover the commonstructureof source
andtarget. The empirically bestexplored processesire retrieval and mapping(see
Hummel& Holyoak,1997andGentneyHolyoak,& Kokinov, 2000for anoverview).
Retrieval of a sourceis assumedo be guidedby overall semanticsimilarity (i. e.,
commonattributes),oftencharacterizeds“superficial” in contrasto structuralsimi-
larity (e.g.,Gentner& Landers1985;Holyoak& Koh,1987;R0ss,1989).Empirical
resultsshav thatretrieval is the bottleneckin analogicareasoningandoftencanonly
be performedsuccessfullyif explicit hints abouta suitablesourcearegiven (Gick &
Holyoak, 1980; Gentner Rattermang& Forbus, 1993). Therefore,a usualprocedure
for studyingmappingandtransferis to circumwentretrieval by explicitly presenting
aproblemasa helpful example(Novick & Holyoak,1991).In thefollowing, we will
give acloserlook atmappingandtransfer

Mapping and Transfer

Mappingis consideredhe coreprocessn analogicaleasoningThedecisionwhether
two problemsare analogouss basedon identifying structuralcorrespondencese-
tweenthem.Mappingis anecessarfbut notalwayssufficient,seeNovick & Holyoak,
1991) conditionfor successfutransfer Thereare numerousempirical studiescon-
cerningthe mappingprocesgc. f., Hummel& Holyoak,1997)andall computational
modelsof analogicalreasoningprovide animplementatiorof this componente. g.,
Falkenhainer Forbus, & Gentner 1989; Keaneet al., 1994; Hummel & Holyoak,
1997). Mappingis typically modelledasfirst identifying the correspondinggompo-
nentsof sourceandtarget andthencarrying over the conceptuaktructurefrom the
sourceto thetarget. For example,in the Rutherfordanalogy(theatomis like the solar
system) planetscanbe mappedo electronsandthe sunto the nucleusof anatomto-
gethemwith relationsas“revolvesaround”or “more masghan” (Gentney1983).In the
structuremappingtheory (Gentney 1983)it is postulatedhat mappingis performed
purely syntacticallyandthatit is guidedby the principle of systematicity- preferring
mappingof greaterportionsof structureto mappingof isolatedelements. Alterna-
tively, Holyoak andcolleaguegostulatehatmappingis constrainedy semantiand
pragmaticaspectf the problem(Holyoak & Thagard,1989; Hummel& Holyoak,
1997). Mapping might be further constrainedsuchthatit resultsin easyadaptabil-
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ity (Keane,1996). Currently it is discussedhat a target might be re-represented,
if source/tagetmappingcannotbe performedsuccessfullyHofstadter& The Fluid
AnalogiesResearctGroup,1995;Forbus, Gentney Markman,& Ferguson,1998).

Basedon the mappingof sourceandtarget,the conceptuaktructureof the source
canbetransferredo thetarget. For example,the explanatorystructurethatthe plan-
etsrevolve arroundthe sunbecauséhe sunattractsthe planetsmight be transferred
to the domainof atoms. Transfercanbe faulty or incomplete,evenif mappingwas
performedsuccessfullyNovick & Holyoak,1991). Negative transfercanalsoresult
from afailurein prior sub-processesconstructiorof anunsuitablerepresentationf
thetarget, retrieval of aninappropriatesourceproblem,or incomplete jnconsistenbr
inappropriatemappingof sourceandtarget(c. f., Novick, 1988). Analogicaltransfer
mightleadto theinductionof amoregenerakchemavhich representanabstraction
over the commonstructureof sourceandtarget (Gick & Holyoak, 1983). For exam-
ple, whensolving the Rutherfordanalogy the more generalconceptof centralforce
systemsnightbelearned.

Transfer of Non-Isomorphic Source Problems

Ourwork focusse®n analogicatransferin problemsolving. Thereis amaminal and
a crucial differencebetweengeneralmodelsof analogicalreasoningand modelsof
analogicalproblemsolving. While in generalsourceand target might be from dif-
ferentdomains(between-domaianalogiesasthe Rutherfordanalogy),in analogical
problemsolvingsourceandtargettypically arefrom thesamedomain(within-domain
analogiese.g., Vosniadow Ortony, 1989). For example peoplecanuseapreviously
solved algebraword problemasan exampleto facilitate solving a new algebraword
problem(e. g., Novick & Holyoak, 1991; Reed,Ackinclose,& Voss,1990),0r they
canusea computerprogramwith which they are alreadyfamiliar asan exampleto
constructa new program(e. g., Anderson& Thompson,1989). While the discrimi-
nationof between-andwithin-domainanalogiess relevantfor the questionof how a
suitablesourcecanberetrieved,it hasno impacton structuremappingif this process
is assumedo be performedpurely syntactically

The morecrucial differencebetweenmodelsof analogicalreasoningand of prob-
lem solving is thatin analogicalreasoningransferis mostly describedby inference
(in so-calledexplanatoryanalogiesg. g., Gentney 1983)vs. by adaptation(in prob-
lemsolving,e.g.,Keane 1996).In thefirst case(higherorder)relationsgivenfor the
sourcearecarriedoverto thetarget— asthe explanationgivenabove of why electrons
revolve aroundthe nucleus. In analogicalproblemsolving, on the otherhand, most
oftenthe completesolutionprocedureof the sourceproblemis adaptedo the target.
Analogicaltransferof a problemsolutionsubsumeshe structural‘carry-over” along
with possiblechangegadaptationpf the solutionstructureandthe applicationof the
solutionprocedureFor example,if we arepresentedvith the necessargperationgo
isolatea variablein anequationwe cansolve a new equationby adaptingthe known
solutionprocedurelf structureof sourceandtargetareidentical(isomorphic) trans-
fer canbedescribedassimply replacingthe sourceconceptdy thetargetconceptsn
the sourcesolution. For asourceequation2 - z + 5 = 9 with solutionz = (955) , the
tamget3d - x + 4 = 16 canbesolvedby (1) mappingthe numbersof sourceandtarget,
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thatis 2 is mappedo 3, 4 to 5 and9 to 16 andby (2) substitutingthe corresponding
numbersin the sourcesolution. An examplefor sourceinclusive source/taget pair
mappingis givenbelow in figure 3.

We areespeciallyinterestedn conditionsfor successfulransferof non-isomorphic
sourcesolutions. Therearea variety of non-isomorphicasource/targetelationsdis-
cussedin literature: First, there are different types of mappingrelations: one-to-
one-mappinggisomorphism)mary-to-one,andone-to-mag mappingqSpellman&
Holyoak, 1996). Secondlytherearedifferenttypesanddegreesof structuraloverlap
(seefig. 1): asourcemight be “completelycontained’in thetarget(sourceinclusive-
nessReedetal., 1990),0r asourcanightrepresenall conceptsieededor solvingthe
targettogethemwith someadditionalconceptqtargetexhaustvenessGentney 1980).
Thesearetwo specialcaseof structuraloverlapbetweensourceandtarget. It seems
plausibleto assumehat if the overlapis too small, a problemis no longer helpful
for solving the target. Sucha problemwould not be characterizeésa sourceprob-
lem. While therearesomeempiricalstudiesinvestigatingrransferof non-isomorphic
sourcegReedetal., 1990;Novick & Hmelo,1994;Gholson Smither Buhrman Dun-
can,& Pierce,1996;Spellman& Holyoak,1996),thereis no systematignvestigation
of the structuralrelation betweensourceandtarget which is necessaryor succesful
transfer Our experimentalvork focusse®n theimpactof differenttypesanddegrees
of structural overlap on transfersuccessthatis, we currently are only considering
one-to-onemappings.

Structural Representationof Problems

To determinethe structuralrelation betweensourceand target we have to rely on
explicitly definedrepresentationsf problemstructures.ln cognitive modelsof ana-
logicalreasoningproblemsaretypically representeddy schema$¢SME; Falkenhainer
etal., 1989;IAM; Keaneetal., 1994)or by semantilmets(ACME; Holyoak& Tha-
gard, 1989; LISA; Hummel & Holyoak, 1997). From a more abstractview, these
representationsorrespondo graphs,whereconceptsare representeds nodesand
relationsbetweenthemasarcs. Examplesfor graphsaregivenin figure 1. For ac-
tual problems,nodes(and possiblyarcs)arelabelled. A graphrepresentatiowf the
solarsystemcontainsfor instancea nodelabelledwith the relationmore massthan
connectedo anodeplanet-landto anodesun

While explicit representationare often presentedor explanatoryanalogieqGick
& Holyoak, 1980; Gentner 1983), this is not true for problemsolving. For algebra
problems(Novick & Holyoak, 1991; Reedet al., 1990),the mathematicakquations
can be usedto representhe problemstructure(seefig. 3). In general- whenin-
vestigatingsuchproblemsasthe Tower of Hanoi (Clément& Richard,1997;Simon
& Hayes,1976)— both the structureof a problemand the problemsolving opera-
tors(possiblytogethemwith applicationconditionsandconstraintsseeGholsonetal.,
1996) have to be takeninto account. Thesetwo aspectf problemsolving aredis-
cussedor exampleby ReimannandSchult(1996): Analogieshelpto overcomeboth
theinterpretationproblemof translatinga given problemdescriptioninto theoretical
conceptandthecontrolproblemof decidingwhich operatorto applyin agivenstate.

In the classicaltransformationalview of analogicalproblem solving (Gentner
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Figurel: Typesanddegreesof structuraloverlapbetweersourceandtargetproblems

1983),little work hasbeendonewhich addressebow to modelanalogicakransferof
problemsinvolving several solutionssteps.In artifical intelligence,Carbonell(1986)
proposedierivationalanalogyfor multi-stepproblems:He modelsproblemsolvingby
analogyasderiving a solutionby replayof analreadyknown solutionprocesscheck-
ing onthewaywhethertheconditionsfor operatorapplicationsf thesourcestill hold
whensolvingthetarget. In the following, we neverthelessadoptthe transformational
approach- describinganalogicalproblemsolving by mappingandtransfer Thatis,
we will assumehatboththe (declaratve) descriptionof the problemandprocedural
informationarestructurallyrepresentedndthata target problemis solved by adapt-
ing the sourcesolutionto thetargetproblembasecdbn structuremapping.We assume
that problemsandsolutionsarerepresenteéh schemagapturingdeclaratve aswell
asprocedurabspectasarguedfor exampleby Andersonand Thompson(1989)and
RumelharandNorman(1981).

Whenspecifyingtherepresentationf aproblem,we haveto decideonits formatas
well asits content(Gick & Holyoak,1980).In generaljt is not possibleto determine
all possibleaspectassociatedvith a problem,thatis, we cannotclaim completerep-
resentationsWe adoptthe positionof Gick andHolyoak,to modelat leastall aspects
which arerelevantfor successfutransfer A componenbf the (declaratve) descrip-
tion of a problemis relevant, if it is necessaryor generatinghe operationsequence
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which solvesthe problem.Furthermorepnly the operatiorsequencevhich solvesthe
problemis regardedasrelevantprocedurainformation. A successfuproblemsolver
hasto focus on theserelevant aspectof a problemand shouldignore all other as-
pects.Of course we do not assumehathumanproblemsolversin generalrepresent
onlyrelevantor all relevantaspect®f aproblem.Ourgoalis to systematicallycontrol
variantsof structuralsource/tagetrelationsandtheirimpacton transfer thatis, our
representationassumptiongre not empirical claimsbut a meansfor taskanalysis.
We wantto construct‘normatively complete”graphrepresentationsf problemsto
exploretheimpactof differentanalyticallygivenstructuralsource/tagetrelationson
empiricallyobsenabletransfersuccess.

In the following, we will firstintroduceour problemsolvingdomain—waterredis-
tribution tasks— and our problemrepresentationsThenwe will presentwo experi-
ments.In thefirst experimentwe will show thatproblemsolverscantransfera source
solutionwith moderatestructuralsimilarity to the targetif the problemsdo not vary
in superficialfeatures.In the secondexperimentwe investigatea variety of different
structuraloverlapsbetweersourceandtarget.

Non-Isomorphic Variants in a Water Redistribution Domain

Becausewe focuson transferof declaratve and proceduralaspectof problemswe
constructeca problemtype that can be classifiedas interpolationproblemslik e the
Tower of Hanoi problems(e. g., Simon & Hayes,1976), the water jug problems
(Atwood & Polson,1976), or missionary-cannibaproblems(e. g., Reed,Ernst, &
Banerji,1974;Gholsonetal., 1996). Problemsolvingmeando find the correctmulti-
stepsequencef operatorghattransformaninitial stateinto the goal state. Interpo-
lation problemshave well-definedinitial andgoal statesandusuallyonewell-defined
multi-stepsolution. Thus,they areassuitablefor systematicallyanalyzingtheir struc-
tureas,for instancemathematicaproblems(e. g., Reedet al., 1990)with the advan-
tagethat they are not likely to activate school-trainednathematicapre-knavledge
(c.f., Blessing& R0ss,1996).

We constructedh waterredistritution domainthatis similar to but more complex
thanthe waterjug problemsdescribedoy Atwood and Polson(1976). In the initial
statethree(or four) jugs of differentcapacityaregiven. The jugsareinitially filled
with differentamountsof water (initial quantities).The waterhasto beredistributed
betweerthejugsin suchaway thatthe pre-specifiedjoal quantitiesareobtained.For
example,givenarethethreejugs A, B andC with capacities4 = 36, cg = 45, and
co = 54 (units). In theinitial statequantitiesaregs = 16, ¢g = 27, andge = 34. To
reachthe goal statethe valuesof thesequantitiesmustbe transformednto ¢4 = 25,
gs = 0 andgc = 52 by redistributing thewateramongthe differentjugs (seefig. 2).

Thetaskis to determinghe shortessequencef operatorghattransformtheinitial
quantitiesnto thegoalquantities.Theonly legal operatotavailableis a pour-operator
(theredistritute operator)thatis restrictedby the following conditions: (1) The only
waterto pouris the watercontainedby the jugsin theinitial state.(2) Watercanbe
pouredonly from a non-empty‘pour out’-jug into an incompletelyfilled ‘pour in’-
jug. (3) Pouringalwaysresultsin eitherfilling the ‘pour in’-jug upto its capacitywith
possiblyleaving a restof waterin the ‘pour out’-jug or emptyingthe ‘pour out’-jug
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Figure2: A waterredistrilbution problem

with possiblyremainingfree capacityin the ‘pour in’-jug. (4) The amountof water
thatis pouredout of the ‘pour out’-jug is alwaysthe sameamountthatis filled in the
‘pour in’-jug. Formally this pour-operatoiis definedin thefollowing way:

IF not(gx (t) = 0) AND not(gy (t) = cy) THEN pour(X,Y) resultingin:

IF gx(t) <ev —gv(t)
THEN gy (t+1) :=qv(t) +ax(¢)

ax (t+1) == gx(t) — gx(t) (i. e. 0, emptyingjug X)
ELSE gx(t+1):=qx(t) — (cy —qvr(t))

gy (t+1:=qv(t) + (cv —qv(t)) (i. e.,cy, filling jug Y)

with

gx (t): quantityof jug X atsolutionstept

cx: capacityof jug X,

(ex — gx (t)): remainingfree capacityof jug X.

Becausave areinterestedn which typesanddegreesof structuraloverlaparesuf-
ficient for successfulnalogicaltransfer we have to ensurethat subjectsreally refer
to the sourcefor solvingthetargetproblem. Thatis, the problemsshouldbe complex
enoughto ensurethat the correctsolution can not be found by trial and error, and
difficult enoughto ensurghattheabstracsolutionprincipleis notimmediatelyinfer-
able. Thereforewe constructededistribution problemsfor which existsonly asingle
(for two problemstwo) shortesbperatorsequencéin problemspacesvith over 1000
statesandmorethan50 cycle-freesolutionpaths).

To constructastructurakepresentatioof a problemwe wereguidedby thefollow-
ing principles:(a) thegoalquantityof eachjug canbedescribedastheinitial quantity
transformedoy a certain(shortestsequencef operatorsyb) relevantdeclaratve at-
tributes(capacitiesquantitiesandrelationsbetweertheseattributes)of theinitial and
thegoalstatedeterminghe solutionsequencef operatorsand(c) eachsolutionstep
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Tablel: Relevantinformationfor solvingthe sourceproblem

(a) Procedural
pour(C,B) pour(B,A) pour(A,C) pour(B,A)
q4(4) = qa(0 +(ca —qa(0)) —ca +e = (ca — qa(0))]
g8(4)= ¢B(0) +(c—qB(0)) —(ca—qa(0)) —leB — (ca — q4(0))]
gc(4) = qc(0) —(cB —gB(0)) +ca
(b) Declaratie (constraints)
cB > (ca —qa(0))
ca= 2 (e — qB(0))
qc(0) > (cB —¢8(0))
cc < gc(0) +ca

canbedescribedy the definition of the pouroperatomgivenabove. In termsof these
principlesoperatorapplicationscan be re-formulatedby equationswherea current
quantity canbe expressedy addingor subtractingamountsof water For example,
using the parametersntroducedabove, the first operatorpour(C,B) of the example
presentedh figure 2 transformghequantitiesof jug B andC of theinitial statet =0
into quantitiesof statet = 1 in thefollowingway: ¢ (0) = 27, gc(0) = 34, cp = 45,
co = b4:

BECAUSEnNOt(34 = 0) AND not(27 = 45)
pour(C,B)att = 0 resultsin:
BECAUSEnNOt(34< (45- 27)):
qn(1) =27+ (45-27)= 45
gc(1) =34- (45- 27)=16.

Redistritution problemsdefinea specificgoal quantity for eachjug. For this rea-
son,therehave to be asmary equationconstructedastherearejugsinvolved. This
groupof equationsepresentsll relevantprocedurahspect®f the problem thatis, it
representshe sequencef operatordeadingto the goal state.For example,the three
equationof thethreejugsin figure 2 arepresentedn tablel1.

Eachgoal stateis expresseddy the valuesgivenin the initial state. On the right
side of the equality sign thesegiven valuesare combinedin a way that transforms
the initial quantity of eachjug into its goal quantity Certainconstraintsbetween
the initial valueshave to be satisfiedso that theseequationsare balanced. These
constraintscan be analytically derived from the equationggivenin table 1 andthey
constitutetherelevantdeclaratve attributesof the problem.The constraintdor water
redistribution problemshave the samefunction as the problem solving constraints
givenfor examplefor the radiationor fortressproblems(Holyoak & Koh, 1987)or
themissionary-cannibgiroblems(e. g., Reedetal., 1974;Gholsonetal., 1996).

As anexampleof how thesecontraintscanbe derivedfrom the equationsyou can
easilyseethatthelastpouroperatorof thesolution(pouringa certainamountof water
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from B into A) is only executabléf therelationcg > (ca4—q4(0)) holds.Asasecond
constraint,the goal quantity of jug C' could be describedoy the following equation
go(4) = qo(0)+(cs—gn(0)). Buttheexpression(cg —¢p(0)) doesnotrepresenthe

quantityin jug B. It representtheremainingfreecapacityof thisjug which, of course,
cannotbepouredinto anotherjug. Becauséherelationc4 = 2- (¢cg — ¢g(0)) holds,

we concludehatthevalueof theremainingfree capacityof jug B hasto besubtracted
from the quantity of jug C' (only possibleif g (0) > (¢ — gg(0)) holds)andthat

the doubleof this value(c4) hasto be addedto the quantityin jug C by pouringthe

capacityof jug A into jug C. Additionally, therelationce < g¢(0) + ¢4 determines
therelative orderof thetwo pouroperatorsyou haveto subtract{cs — ¢g(0)) before

you canaddcy4 to g¢(0).

The equationgdescribingthe transformationgor eachjug andthe (in-) equations
describinghe constraintof the problemaresufficientto represenall relevantdeclar
ative andprocedurainformationof the problem. Thus,transformingall of theminto
one graphicalrepresentatiotleadsto a normatively completerepresentatiorof the
problemwhich canbe usedfor ataskanalyticaldeterminatiorof the overlapbetween
two problemstructures. The equationsand in-equationgor all water redistritution
problemsusedin our experimentsaregivenin theappendix.

Measurementof Structural Overlap

Structuralsimilarity betweentwo graphsG and H is typically calculatedasthe size
of the greatestommonsubgraplof G and H in relationto the sizeof the greaterof
bothgraphge.g., Schadler& Wysotzki,1998;Bunke & Messmer1994).Identifying
the greatestommonsubgraphbetweensourceandtarget problemis alsothe central
concepusedn theStructureMappingEngine(SME, Falkenhaineetal.,1989). There
aredifferentpossibilitiesto calculategraphdistancedasedn this notionwhich vary
only slightly. We decideduponthe measureagivenin formulal:

_ Var + Ngu
max(Va, Vi) + max(Ng, N )

dg,m =1 1)
The sizeof the commonsubgraphs expressedy the sumof commonarcsVg g and
nodesNgg. Becauseof the standardizationwith respecto the maximalnumberof
arcsandnodesof thetwo graphsthedistancecanassumevaluesbetweer0 andl, in-
dicatingisomorphicrelationsbetweertwo graphswith d(g ;) = 0 andno systematic
relationbetween; andH with d(g gy = 1.

A usualtechnicalprocedurdor graphcomparisons to considemot only thegiven
arcs,but alsothe non-&isting arcs. Thatis, for eachpair of nodesin a graph,either
anarcexistswith agivenlabelor no arcexists. Betweenpairsof nodeswhich arenot
connectedinarcwith thespeciallabel“empty” is introduced.Consideyfor example,
thesubgraph2 -  and3 - z in theleft andright graphin figure 3. Thesesubgraphs
areisomorphif 2 is mappedon 3: 2 is connectedvith - (times)by anarca; andit is
not connectedvith 2 (emptyarc)andthe samerelationshold for 3.

For thetwo partialisomorphicgraphsn figure 3 we obtain(for graph3.aasG and
graph3.basH)
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Va=42 V=72 (Vo <Vnu)
Ng=T7 Ng =9 (NG<NH)
Ven =30 Nguw =6

resultingin the differencebetweenG andH

30+ 6

Thevalueof d(¢ gy = 0.57 indicatesthatthe sizeof the commonsubgraptof G' and
H is alittle morethanhalf of the sizeof thelargergraphH.

Of coursetheabsolutevalueof the distancebetweertwo problemsdepend®nthe
choosersimilarity measure.But, for all measuresvhich are basedon the notion of
greatestommonsubgraphsndwhich do notintroducedifferentweightsfor different
kinds of relations,suchmeasuresendercomparableresults. Much morecritical is
thekind of representatioshooserfor a problembecauséhis directly determineshe
form of thegraph.Thereforeavery strictapproacHor transformingnaturallanguage
problemdescriptionsnto structuralrepresentationis necessaryOur normatie prob-
lem analysisis sucha strict approach. Neverthelesswe consideronly the ordinal
informationof the similarity valuesasrelevantfor our analyses.

Structural vs. ProcesLOriented Problem Analysis

Our problemanalysisis focussedon the structuie of the problems: (a) relations
betweenthe differentquantitiesinvolved and (b) proceduralinformation which de-
pendsontheserelationsarerepresentetly termsoveracommonsetof constantgthe
capacitiesandinitial quantitiesof the jugs). In contrast,Atwood andPolson(1976)
give a normative problemanalysisbasedon the problem-space&oncept(Newell &
Simon,1972). Atwood andPolson(1976)investigatedvaterredistritution problems
notin the contet of analogicabroblemsolvingbut in problemsolvingasstate-space
searchThey usemeans-endnalysigo modeltheproblemsolvingprocessthatis, the
sequencef operatorapplicationsa problem-solher performeso transformaninitial
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stateinto the goal state. The means-endheuristicsstatesthat always suchan oper

ator is selectedor applicationwhich transformsthe currentstateinto onewhich is

moresimilar to the goalstate.Theviolation wasquantifiedby anevaluationfunction,
addingthedifferencedetweercurrentandgoal quantitiesfor eachjug. An operation
transforminga states; into a states;,1 is classifiedasviolation if the value of the
evaluationfunctionfor s;4 is higherthanfor s;.

Thewaterjug problemsusedby AtwoodandPolson(1976)wereconstructedsuch
that the underlyingproblemspacesare of a constant,small size (16 to 28 problem
statespndthatthereexist alwaystwo solutionpathswith oneof thematleastonestep
shorterthanthe other Lengthof the optimal solutionsare7 to 13 steps.All problems
involved threejugs, whereinitially the largestjug wasfull andthe otherjugs were
empty An exampleproblemis givenin figure 4.a: The jug capacitiesarecs = 8,
cg = 5, andee = 3; theinitial quantitiesin stateS areqsa = 8, g = q¢ = 0;
the goal quantities,which canbe obtainedby a minimum of 7 pour-operationsare
qa =gqp =4 andgc = 0.

The problemsvariedwith respecto the numberof stateson the optimal solution
pathwhich violate the means-endheuristics.However, this measureof problemdif-
ficulty did not predictproblemsolving successlIn an post-hocanalysisthe authors
couldshaw, thatthe numberof stateson the solutionpathwhich leadinto “loops” in
the problemspace(called“distractors”)were a betterpredictorof performance For
theproblemin figure4.a,thevaluesof theevaluationfunctionaregivenfor eachprob-
lem state.For example for stateS thedifferencesre8, for stateR thedifferencesre
2. Ontheoptimalright-handpaththereexist 3 violations. Thereare10 distractorson
theright-handpath,thatis, loopswhich leadbackto oneof thestatesS, L, R, andT'.

Again,ourresearclis concernedavith theinfluenceof structuralsimilarity ontrans-
fer successn analogicaproblemsolvingandnot with the influenceof parametersf
problemdifficulty and their influenceon problemsolving successn a state-space
searchcontext. Neverthelessthe normative analysisof Atwood andPolson(1976)is
aninterestingsupplemento our own analysis:First,we canmake surethatstructural
similarity of sourceandtargetratherthan problemdifficulty of the targetis respon-
sible for variationsin problemsolving performanceby determiningthe numberof
violationsto the means-endheuristicsandthe numberof distractorsfor the problems
usedin our experiments. Second the problem-spaceepresentatiortan be usedas
an alternatve to our graph-representatioof problemstructures.lIt is ratherthe de-
cisionwhatto includein a problemrepresentatiothanslight variantsin a measure
determiningthe relative size of the greatesttommonsubgraphwhich canresultin
a large varianceof problemsimilarity. The problem-spaceonceptresultsin graphs
with problemstateqall jugswith their currentquantities)asnodesandarcsbetween
nodeswhich canbe reachedy the applicationof a single pour-operationwhile the
problemrepresentatiowe proposedesultsin graphswith quantities poperationsand
comparisionssnodesandtheir compositioninto termsasarcs.

Theproblemspaceanalysidor atargetproblemusedin experimentl (anisomorph
to the sourceproblemgivenin fig. 2) is givenin figure 4.n. Becauseour problem
spacesare muchmore complex thanthe problemspacesinderlyingthe problemsof
Atwood and Polson(1976),we presenbonly the optimal solutionpathandthe states
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\
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(48,36,18) /102/
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Figure4: Problemspacefor a waterjug problemof Atwood andPolson(1976, fig.
1.a) (a) andrelevant part of the problemspacefor a target problemof experimentl
(b). Jugcapacitiesiregivenattop of thefigure,initial statesaremarked.S, goalstates
aremarked, valuesof themeans-en@valuationfunctionaregivenin dashes.

which areonestepdistantfrom this path. Thisis the partof the problemspacewhich
is relevant to obtainthe parametersf problemdifficulty proposedoy Atwood and
Polson(1976). For the problemin figure4.b thereis oneviolation of the means-end-
heuristicythefirst transformatiorstep)andthereare14 distractors.

For experiment 2 reported below, we will presentproblem difficulties and
source/tagetsimilaritiesbasedn the problem-spaceepresentatioof our problems.

Experiment 1

Experimentl was designedo investigatethe suitability of the waterredistritution
for studyinganalogicaltransferin problemsolving, to get someinitial information
abouttransferof isomorphicvs. non-isomorphicsourcesandto checkfor possible
interactionof superficialwith structuralsimilarity.

The problemswereconstructedn sucha way thatit is highly improbablethatthe
correctoptimal operatorsequenceanbe found by trial-and-erroror thatthe general
solutionprincipleis immediatelyinferable. To investigateanalogicaltransfer infor-
mationaboutmappingof sourceandtargetcanbegivenbeforethetargetproblemhas
tobesolved(c.f., Novick & Holyoak,1991).This canbedoneby pointingouttherel-
evantpropertiesof a problem(conceptuamapping)andby giving informationabout
the correspondingugsin sourceandtarget (“numerical” mapping).Additionally, in-
formationabouttheproblemsolvingstrateyy of subjectscanbeobtainecby analyzing
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log-files of subjects’problemsolving behaior andby testingmappingafter subjects
solvedthetargetproblem.

To getanindication of the degreeof structuralsimilarity betweena sourceanda
target which is necessaryor transfersuccessan isomorphicsource/taget pair was
contrastedvith a partialisomorphicsource/tagetpair with “moderatelyhigh” struc-
tural overlap. This shouldgive us someinformationaboutthe rangeof source/taget
similaritieswhich shouldbeinvestigatednoreclosely(in experiment2).

To controlpossiblenteractionsof structuralandsuperficialsimilarity, we discrimi-
natestructurepreservingandstructureviolating variantsof targetproblems(Holyoak
& Koh,1987):For agivensourceproblemwith threejugs(seefig. 2), atargetproblem
with four jugsclearlychangeshe superificalsimilarity in contrasto atargetproblem
consistingalso of threejugs. But this additionaljug might or might not resultin a
changeof the problemstructure-reflectedn the sequencef pour-operationsieces-
saryfor solvingthe problem. In contrast,othersuperficialvariations— like changing
the sequencef jugs from small/medium/lageto large/medium/smak- arestructure
preservingput clearly affect superficialsimilarity. If theintroductionof anadditional
jug doesnot leadto additional deviationsfrom the surfaceappearancef the source
problem,we regardthe surfaceas“stable”. As a consequenceherearefour possible
source/tagetvariations:structurepreservingoroblemswith stableor changedurface
andstructureviolating problemswith stableor changedurface.

Method
Material

As sourceproblem, the problemgiven in figure 2 was used. We constructedive
differentredistritution problemsastarget problemgseeappendix):

Problem1: athreejug problemsolvablewith four operatorsvhich is isomorphicto
the sourceproblem(conditionisomorph/ncsurfacechangge),

Problem2: athreejug problemsolvablewith four operatorsvhich is isomorphicto
the sourceproblem,but hasa surfacevariationby switching positionsof the small
jug (A) andthe mediumjug (B) andrenamingthesejugs accordingly(A — B,
B — A) (conditionisomorph/smalsurfacechange),

Problem3: athreejug problemsolvablewith four operatoravhich is isomorphicto
the sourceproblem,but hasa surfacevariationby switching positionsof all jugs
(A— B,B — C,C — A) (conditionisomorph/lage surfacechangg),

Problem4: a four jug problem solvable with five operatorswhich hasa moder
atelyhigh structuraloverlapwith the source(conditionpartial isomorph/nasurface
changg), and

Problem5: a four jug problemsolvable with five operatorswhich is isomorphto
problem4, but hasa surfacevariationby switchingpositionsof two jugs(4 — B,
B — A) (conditionpartial isomorph/smalsurfacechangg).

Becauseof the exploratory natureof this first experiment,we did not introducea
completecrossingof structureandsurfacesimilarity. Themainquestionwas,whether
subjectxcouldsuccessfullyusea partialisomorphin analogicakransfer
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In additionto the sourceandtargetproblemsan*initial” problemwhichis isomor
phic to the sourcewas constructed.This problemwasintroducedbefore the presen-
tation of the sourceproblemfor the following reasonsfirst, subjectsshouldbecome
familiar with interactingwith the problemsolving ervironment(the experimentwas
fully computerbased,seebelow); and second,subjectsshouldbe “primed” to use
analogyasa solutionstratey, by gettingdemonstratetiow the sourceproblemcould
be solvedwith helpof theinitial problem.

Subjects

Subjectsvere60 pupils(31 maleand29 female)of agymnasiunin Berlin, Germauy.
Theiraverageagewas17.4years(minimum 14 andmaximum19years).

Procedue

The experimentwasfully computerbasedand conductedat the schools PC-cluster
Theoveralldurationof anexperimentakessiowasabout45minutes.All interactions
with the programwererecordedn log-files. One sessiorconsistedf the following

parts:

Instruction and Training. First, generalinstructionswere given, informing about
thefollowing tasksandthewaterredistritution problems.Subjectavereintroduced
to the settingof the screen-layoufgraphicsof the jugs) andthe handlingof inter-
actionswith the program(performinga pour-operationun-doinganoperation).

Initial problem. Afterwardsthesubjectsvereaskedto solvetheinitial problemwith
tutorial guidance(performedby the program).In caseof correctsolutionthe tutor
asledthe subjectto repeatt without ary error. Thetutorintervened,if subjecthad
performedfour stepswithout successor hadstartedtwo newn attemptgo solve the
problem,or if they neededongerthanthreeminutes.This partwasfinished,if the
problemwascorrectlysolvedtwice without tutorial help.

Sourceproblem. Whenintroducingthe sourceproblem,first somehints aboutthe
relevant problemaspectdor figuring out a shortestoperatorsequenceveregiven
(by thinking aboutthe goal quantitiesin termsof relationsto initial quantitiesand
maximumcapacities)Afterwards thecorrespondandeetweerthethreejugsof the
initial problemandthe threejugs of the sourceproblemswere pointedout. Now,
thescreerofferedanadditionalbuttonto retrieve thesolutionsequencef theinitial
problem.Theinitial solutioncouldbe retrievedasoftenasthe subjectdesired.To
performanoperatiorfor solvingthe sourceproblem,thiswindow hadto beclosed.
Tutorial guidancewasidenticalto theinitial problem,but subjectshadto solve the
sourceproblemonly once.

Targetproblem. Every subjectrandomlyreceived one of the five target problems.
Again, mappinghints (relevant problemaspectscorrespondancbetweenjugs of
the sourceandthe target problem)were given. The sourcesolution could be re-
trievedwithout limit, but, again,the subjectscouldonly proceedo solve thetarget
problemafterthis window wasclosed. Thereby the numberandtime of reference
to the sourceproblemcould be obtainedin log-files. The subjectshada maximum
of 10 minutesto solve the target problem. Sincethe instructionemphasizedhat
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Table2: Resultsof Experimentl

Problem 1 2 3 4 5
structuré ISO ISO ISO P-ISO P-ISO
surfacé no small large no small
n 12 12 12 12 12
solved 12 11 9 8 6
correctmapping 8 12 10 9 6
shortessolution 8 10 8 8 3
transfemrate 100% 83.3% 80% 88.9% 50%

¢ 1SO = isomorph P-ISO= partialisomorph
® no, small,large changeof surface

the shortestpossiblesolution shouldbe found, performanceshouldbe biasedto
accurag ratherthanto speed.

Mapping Control. Mapping successvas controlledby a shorttestwhere subjects
hadto give relationsbetweerthe jugs of the sourceandtargetproblem.

Questionnaire. Finally, mathematicaskills (lastmarkin mathematicssubjectverat-
ing of mathematicaknowledge interestin mathematicsjandpersonatiata(ageand
gender)wereobtained.

Resultsand Discussion

Overall, therewas a monotonicdecreasen problemsolving successover the five
target problems(seetah 2, linesn andsolved. To make surethat problemsolving
succeswas determinedby successfutransferof the souice and not by someother
problemsolvingstrateyy, only subjectavhichgave acorrectmappingwereconsidered
anda solutionwasratedas“transfersuccessif the generatedgolutionsequencevas
the (unique)shortessolution(seetah 2, linescorrectmappingandshortestsolutior).
Thevariable“transfersuccessWascalculatedaspercentagef subjectavhith correct
mappingwhich generatedhe shortessolution(seetah 2, line transferrate).

We introducedhis strictmappingcriteriumbecausef the high probabilitiesto give
partially correctmappingsby guessing:For 3-to-3 jug mappingsthe probability to
maponepair correctis 1/3. Becausenappingtwo pairsdetermineshethird map,the
probability of two correctmappingsandthe probability of a totally correctmapping
areboth1/6. For a 3-to4 jug mapping the probability of onecorrectmappingis 1/4,
of two correctmappingsl /12, andof atotally correctmappingl /24. With exception
of condition5, thosesubjectsvho foundthe shortestsolutionwerea subsebf those
subjectswho did the mappingcorrectly In condition5, threesubjectsgeneratedhe
shortestsolution who mademappingerrors. Two of thesesubjectsmappedtwo of
the threejugs of the sourceincorrectlyto the four target jugs, one mappedone jug
incorrectly

Log-file analysisshaved,that10subjectgetrievedthesourcesolutionatleastonce,
only 4 subjectgetrievedthe sequencef alreadyperformedmoves,16 subjectdnter
ruptedtheir currentsolutionattemptto startwith theinitial stateagain,and9 subjects
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tried to performillegal moves.Noneof the subjectsvho solvedthe problemsuccess-
fully retrievedthe sequencef alreadyperformedmoves. Interestingly noneof the
subjectawvho performedcorrectmapping,retrievedthe sourcesolutionwhile solving
thetargetproblem.lt is highly improbablethatthe correctshortessolutionwasfound
randomlyor thatsubjectscould infer the generalsolutionprinciple whensolving the
initial andsourceproblem. As a consequencaye have to assumehatthesesubjects
solvedthe target by analogicaltransferof the memorized(four-step)sourcesolution
(VanLehn& Jones1993).

Transfersuccesslecreasedearlymonotoniclyoverthefive conditions.Exceptions
wereproblems3 (isomorph/highsurfacechange) and4 (partial isomorph/ncsurface
chang). Thehigh percentagef transfersucces$or problem4 indicatesclearly, that
subjectansuccesfullytransfera non-isomorphicourceproblem.Evenfor problem
5 (partial isomorph/surfacehangg) transfersuccessvas50%.

Thereis no overall significantdifferencebetweerthe five experimentalconditions
(exact5 x 2 polynomialtes®: P = 0.21). To controlinteractionsbetweerstructural
andsuperficialsimilarity, differentcontrastsvere calculatedvhich we discussn the
following.

IsomorphStructue/Changin Surface

Thereis no significantimpactof the variationof superficialfeaturesbetweencondi-
tions1, 2 and3 (exactbinomial-tests1vs. 2 with P = 0.225; 2vs. 3with P = 0.558,;

and1 vs.3with P = 0.168). Thisfinding is in contrastto Reedet al. (1990). Reed
andcolleagueshaovedthatsubjects'rating of the suitability of a problemfor solving
a giventargetis highly influencedby superficialattributes. However, theseratings
were obtainedbefore subjectshadto solve the target problem. This indicates,that
superficialsimilarity hasa high impacton retrieval of a suitableproblembut not on

transfersuccessas was also shavn by Holyoak and Koh (1987) when contrasting
structure-preservings. structure-violatinglifferences.

Changein Structue/StableSurface

Changesn superficialattributesbetweenconditions1 and 4 (isomorphvs. partial
isomorph,both with no surfacechange)respectiely 2 and5 (isomorphvs. partial
isomorph,both with small surface change)can be regardedas stable,becausahe
additionaljug (in condition4 vs. 1 andcondition5 vs. 2) influenceonly structuralat-
tributes.Thatis, by contrastingheseconditionswe measureheinfluenceof structural
similarity on transfersuccessThereis no significantdifferencebetweencondition1
and4 (exactbinomial-testsd vs. 4 with P = 0.394). But thereis a significantdiffer-
encebetweenconditions2 and5 (exactbinomial-tests:2 vs. 5 with P = 0.039): A
partialisomorphcanbe usefulfor analogicakransferif it sharesuperficialattributes
with thetarget, but, transferdifficulty is high if sourceandtargetvary in superficial
attributes— evenif themappingis explicitly given!

3For this test,theresulthasto betestedagainsthe numberof cell-valuedistributionscorre-
spondingwith the givenrow andcolumnvalues.The procedurdor obtainingthis numberwas
implementedy Knut Polkehn.
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Changin Structue/Chang in Surface

The variation of superficialattributesbetweenconditions4 and 5 hasa significant
impact(exact binomial-tests:P = 0.039). As shown for the contrastof conditions
2 and5, if problemsare not isomorphic,superficialattributesgain importance. Of
coursethisfindingis restrictedto the specialtype of source/tagetpairsandvariation
of superficialattributeswe investigated- thatis, to casesvherethetametis “larger”
thanthe sourceandwherejugsarealwaysnamedas A4, B, C (D), but thenamescan
be associatedvith jugsof differentsizes.In this specialcase the intuitive constraint
of mappingugswith identicalnamesandpositionshasto beovercomeandkeptactive
duringtransfer

To summarize this first explorative experimentshaws, that water redistrikution
problemsare suitable for investigatinganalogicaltransfer— most subjectscould
solve the target problems but solutionsuccesss sensitve to variationsof structural
source/tagetsimilarity. As a consequencef the interactionfound betweensuperfi-
cial andstructuralsimilarity, in thefollowing, superficialsource/tagetsimilarity will
bekepthighfor all targetproblemsandwe will investigateonly targetproblemsvary-
ing in their structuralsimilarity to the source(i. e., with stablesurface). Finally, the
high solutionsuccesgor the partialisomorphof “moderatelyhigh” structuralsimilar-
ity (condition4) indicates,thatwe caninvestigatesource/taget pairswith a smaller
degreeof structuraloverlap.

Experiment 2

In the secondexperimentwe investigated finer variationof differenttypesandde-
greesof structuraloverlap. We focusedon two hypothesesboutthe influence of
structuralsimilarity on transfer:

(1) We have beeninterestedn the possiblydifferenteffects of differenttypesof
structuraloverlapon transfer— thatis target exhaustvenesssersussourceinclusive-
nessof problems(c. f., fig. 1). If oneconsidersa problemstructureasconsistingof
only relevantdeclaratve andprocedurainformation, differenttypesof structuralre-
lationsresultin differencesn the amountof both commonrelevant declaratve and
commonrelevantprocedurainformation. Changingthe amountof commondeclara-
tive informationrequiresignoringdeclaratve sourceinformationin the caseof target
exhaustvenessaandadditionallyidentifying declaratve targetinformationin the case
of sourceinclusiveness. Changingthe amountof commonproceduralinformation
meanghanginghelengthof thesolution(i. e.,theminimal numberof pour-operators
necessaryo solve the problem).

Thus, comparedto the sourcesolution target exhaustvenessresultsin a shorter
targetsolutionwhile the target solutionis longerfor sourceinclusiveness Assuming
thatignoringinformationis easiethanadditionallyidentifying information(Schmid,
Mercy, & Wysotzki,1998)andassuminghata shortertargetsolutionis easierto find
thanalongerone,we expectthatsuccessfulransfershouldbe moreprobablefor target
exhaustve thanfor sourceinclusive problems. In line with this assumptionReed
et al. (1974)reportedincreasingtransferfrequenciedor target exhaustve relations,
if subjectswereinformedaboutthe correspondencdsetweensourceandtarget (see
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alsoReedetal., 1990).

(2) While sourceinclusivenesandtargetexhaustvenesarespecialtypesof struc-
tural overlapwe have alsobeeninterestedn theoverallimpactof the degreeof struc-
tural overlapon transfer We wantedto determinethe minimum size of the common
substructuref sourceandtargetproblemthatmakesthe sourceusefulfor analogically
solvingthetarget. Or in otherwords,we wantedto measurehe degreeof thedistance
betweersourceandtargetstructuresup to which the sourcesolutionis transferableo
thetargetproblem.

Method
Material

As initial and sourceproblemwe usedthe sameproblemsasin experimentl. As
target problemswe constructedollowing five differentredistritution problemswith
constansuperficialattributes(seeappendix):

Problem1: athreejug problemsolvablewith threeoperatorsvhosestructurewas
completelycontainedin the structureof the sourceproblem(conditiontarget ex-
haustivenegs

Problem2: athreejug problemsolvable with five operatorswhosestructurecon-
tainedcompletelythe structureof the sourceproblem(conditionsouice inclusive-
nessy,

Problem3: thepartialisomorphproblemusedbefore(condition4 in experimentl) —
afourjug problemsolvablewith five operatorsvhosestructurecompletelycontains
thestructureof the sourceproblem;this problemshares smallerstructuraloverlap
with the sourcethanproblem2 (condition“high” structural overlap), and

Problem4 and 5: morefour jug problemssolvablewith five operatordhathave de-
creasingstructuraloverlapwith thesource the structureof sourceandtargetshare
a commonsubstructure put both structureshave additional aspects(conditions
“medium” structuial overlapand“low” structural overlap)

For all problemstructuresdistancedo the sourcestructurewere calculatedusing
formulal (seeappendixandlastline in tah 3). Becausef theintrinsic constraintof
the waterredistritution domain,it was not possibleto obtainequi-distancéetween
problems.Neverthelessthe problemswe constructedsened asgood candidatesor
testingour hypotheses.

Toinvestigateheeffect of thetypeof structuralsource/tagetrelation,thedistances
of problem1 (targetexhaustie) andproblem?2 (sourceinclusive) to the sourcehave
beenkeptaslow aspossibleandassimilar aspossible:ds; = 0.16 anddgs = 0.17.
As discussedibove, it canbe expected that target exhaustvenesdeadsto a higher
probability of transfersuccesshansourcenclusiveness.

Althoughproblem3 is asourceinclusive problem,we usedit asananchormproblem
for varying the degree of structuraloverlap. Target problem4 differed moderately
from targetproblem3in its distancevalue(dss = 0.37 vsdgs = 0.55) while target
problemb5 differedfrom targetproblem4 only slightly (ds4 = 0.55 vs. dg; = 0.59).
Thus, one could expectstrongdifferencesn transferratesbetweencondition3 and
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Table3: ProblemDifficultiesandSource/argetSimilaritiesfor Experiment2

TargetProblems

Source target source  “high” “medium” “low”
Problem exhaustve inclusive overlap overlap overlap
n of step$ 4 3 5 5 5 5
violationd 1 2 3 1 2 1
distractor$ 14 11 17 43 41 41
similarity of 0.00 0.14 0.12 0.63 0.64 0.76
problem-spacés
similarity of 0.00 0.16 0.17 0.37 0.55 0.59

problemstruc®

¢ numberof stepsfor optimalsolution

® violationsof the means-endheuristics

¢ numberof loopsleadingout of the optimal solutionpath

4 Structuralsimilarity betweerthe problem-spaceepresentationsf sourceandtarget

¢ Structuralsimilarity betweerthe structuralrepresentationsf sourceandtarmget

Note thatvaluesgivenfor the sourceproblemareidenticalfor theisomorphtargetproblem(1
in experimentl) andthatvaluesgivenfor the problemwith “high” overlapareidenticalfor the
partialisomorphproblem(4 in experimentl).

4 andnearlythe sametransferratesfor conditions4 and5. We nameproblems3, 4,
and5 as“high”, “medium” and“low” overlapin accordanceo the rankingof their
distancedo the sourceproblem.

We analyzedthe problemdifficulties as proposedby Atwood and Polson(1976)
(seesectionStructuralvs. Proces®OrientedProblemAnaysis,above). Furthermore,
asan alternatve to our structuralproblemrepresentationve calculatedsimilarities
of the partial problemspaces.Problemdifficulties of source target exhaustve, and
sourceinclusive problemsare similar, for violations of the means-endheuristicsas
well asfor the numberof distractors. The sameis true for the threetargetproblems
with varying degreeof structuraloverlapwith the source. Thatis, thereis no influ-
enceof variationsof the problemstructureon the problemdifficulty! Furthermorethe
ordinalrelationof the source/tagetsimilaritiesis the samefor the problem-spaceep-
resentatiorproposedy AtwoodandPolson(1976)andfor the representatioformat
proposedy us.

Subjects

Subjectavere70 pupils (18 maleand52 female)of agymnasiunin Berlin, Germaly.
Their averageageas16.3years(minimum 16 and maximum217 years). The dataof
2 subjectavasnotloggeddueto technicalproblems.Thus,68 logfileswereavailable
for dataanalysis.

Procedue

The proceduravasthe sameasin experimentl. Eachsubjecthadto solve oneinitial
problemandoneisomorphicsourceproblemfirst andwasthenpresentedneof the
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Table4: Resultsof Experiment2

Problem 1 2 3 4 5
structure target source  “high” “medium” “low”
exhaustve inclusve overlap overlap overlap
n 11 10 16 15 16
correctmapping 7 8 13 9 12
shortessolution 6 7 10 5 1
transferrate 86% 88% 7% 56% 8%

five targetproblems.

Resultsand Discussion

49 subjectamappedhejugsfrom the sourceto thetargetcorrectly Thus19 subjects
hadto be excludedfrom analysis. Table 4 shows the frequencieof subjectswho
performedthe correctmappingbetweersourceandtargetandgeneratedhe shortest
solutionsequenci. e.,solvedthetargetproblemanalogically(c. f., experimentl).

Typeof Structual Relation

Thereis no differencein solving frequenciesetweencondition 1 and 2 (exact bi-
nomialtest, P = 0.607). Thatis, thereis no indicationof an effect of the type of
structuralsource/tagetrelationontransfersuccessln contrasto thefindingsof Reed
etal. (1974)andReedetal. (1990),it seemsthatthe degreeof structuraloverlaphas
amuchlargerinfluencethanthetype of structuralrelationbetweersourceandtarget.
Furthermorelooking only atthe procedurahspecbf our problemswe couldnotfind
animpactof thelengthof the requiredoperatorsequencéthreestepsfor problem1
vs. 5 stepsfor problem?2) on solutionsuccess.

A possibleexplanationmight be thatthe type of structuralrelationhasno effect,
if problemsare very similar to the source. It is clearly a topic for furtherinvestiga-
tion, to checkwhethertargetexhaustie problemsbecomesuperiorto sourcenclusive
problemswith increasingsource/tagetdistances.

A generakuperiorityof degreeovertypeof overlapcouldbeexplainedby assuming
mappingasasymmetricainsteacdof anasymmetrica{sourceo target)processHum-
mel andHolyoak (1997)arguethatduring retrieval the targetrepresentatiofdrives”
theprocesslin contrastduringmappingtherole of the“driver” canswitchfrom target
to sourceandvice versa. During transferthe sourcestructureagaintakescontrol of
theprocessThus,aninteractionbetweertheseprocessemustleadto decreasinglif-
ferencedetweenreffectsof sourceinclusivenessandeffectsof targetexhaustieness
on analogicatransfer

Degreeof Structural Overlap

Eachproblemof conditions3 to 5 hasbeensolvablewith at leastfive operatorsThat
means,therewas one additional operatorneededcomparedto the sourcesolution.
Resultsfor conditions3 to 5 shaw a significantdifferencebetweerthe effectsof dif-
ferentdegreesof structuralsource/tagetoverlapon solutionfrequeng (exact3 x 2
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test, P = 0.002). Comparingeachsinglefrequeny againsteachotherindicatesthat
the crucial differencebetweerstructuraldistancess betweernconditions4 and5 (ex-
act binomial test, conditions3 and4: P = 0.1; conditions3 and5: P < 0.001;
conditions4 and5: P = 0.0001).

This finding is in accordancewith the ordinal source/taget similarities dgz <
ds4 < dgs, but it is surprisingif we take into accountthat the differenceof struc-
tural distancebetweenconditions3 and 4 is muchlarger than betweencondition 4
and5 (dsz = 0.37, ds4 = 0.55, dg5 = 0.59). For absolutedistancevalues,the
problem-spaceepresentationgivenin table3 correspondnuchbetterwith our find-
ings: dgs = 0.63 ~ dg4 = 0.64 < dgs = 0.76. Ontheotherhand,Atwood and
Polson(1976)reporteda similar effect: For four problemswith the following abso-
lute valuesof distractor®) < 14 < 15 = 15 thesignificantdecreasef performance
washot from problem1 to problem2 but from problem2 to problem3. Considering
bothkindsof indicators- structuraldifferenceto the sourceandnumberof distractors
— asmeasuredor problemdifficulty, thesefindings suggestthat thereexists some
thresholdup to which problemscanbe solved. This seemgo be true for problems
solvedby ameans-endtrategy aswell asfor transferproblems.

A possibleexplanationis, thatwith problem5 we have reachedhe mamgin of the
rangeof structuraloverlapwherea problemcanbe helpful for solving a target prob-
lem. A conjectureworth furtherinvestigationis, thata problemcanbe consideredis
a suitablesourceif it sharesat leastfifty percentof its structurewith the target! An
alternatve hypothesiss, thatnottherelative but ratherthe absolutesizeof structural
overlapdeterminesransfersuccess-thatis, thatasources nolongerhelpful to solve
thetarget,if the numberof nodescontainedn thecommonsub-structurgetssmaller
thansomefixedlower limit.

General Discussion

In our studies we investigatedonly a small selection of analytically possible
source/tagetrelations.We did not investigatamary-to-oneversusone-to-magy map-
pings(Spellman& Holyoak,1996),andwe only looked at targetexhaustvenesser-
sussourceinclusivenessor problemswith a large commonstructure. We plan to
investigateahesevariationsin further studies.For source/tagetrelationswith a vary-
ing degreeof structuraloverlapwe wereableto show thata problemis suitableas
sourceevenif it sharenly abouthalf of its structurewith the target. A first expla-
nationfor this finding which goesalongwith modelsof transformationahnalogyis,
thatsubjectdirst construcia partialsolutionguidedby thesolutionfor thestructurally
identical part of the solution, and than usethis partial solution as a constraintfor
finding the missingsolutionstepsby someproblemsolving stratgly (asmeans-end-
analysis Newell, Shav, & Simon,1958)or by internalanalogy(Hickman& Larkin,
1990).

Internalanalogydescribes strat@y wherea previously ascertainedolutionfor a
partof a problemguidesthe constructionof a solutionfor anotherpart of the same
problem.For the problemdomainwe investigatedinternalanalogygivesno plausible
explanation: The constraintausedto figure out the solutionstepsfor the overlapping
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partof thetargetproblemarenot the sameasthoseusedfor the non-overlappingpart
— thereforeinternalanalogycannotbe applied. A secondexplanationmight be, that
subjectgry to re-represerthetargetproblemin suchawaythatit becomessomorphic
to thesource(Hofstadter& TheFluid AnalogiesResearciGroup,1995;Forbusetal.,
1998). Again, this explanationseemdo beinplausiblefor our domain: Becausehe
numberof jugsandgiveninitial, goal,andmaximumquantitiesdeterminghesolution
stepscompletely re-representatiotfor examplelooking at two differentjugsasone
jug) cannotbe helpful for finding a solution.

The resultsof the presentstudy give somenew insightsaboutthe natureof struc-
tural similarity underlyingtransfersuccessn analogougproblemsolving. While it is
agreeduponthatapplicationof analogiess mostlyinfluencedy structuralandnotby
superficialsimilarity (Reedet al., 1974; Gentney 1983;Holyoak & Koh, 1987;Reed
etal., 1990; Novick & Holyoak, 1991),thereareonly few studiesthat have investi-
gatedwhich type andwhat degreeof structuralrelationshipbetweena sourceanda
targetproblemis necessaryor transfersuccess.

Holyoak and Koh (1987) usedvariantsof the radiationproblem(Duncker, 1945)
to shaw thatstructuraldifferenceshave animpacton transfer They variedstructural
similarity by constructingoroblemswith differentsolutionconstraintsin studiesus-
ing variantsof themissionaires-cannibalgsoblemstructuralsimilarity wasvariedin
the sameway (Reedet al., 1974; Gholsonet al., 1996). In the areaof mathematical
problemsolving, typically the complexity of the solutionprocedures varied (Reed
etal., 1990; Reed& Bolstad,1991). While in all of thesestudiesnon-isomorphic
source/tagetpairsareinvestigatedin noneof themthe type anddegreeof structural
similarity wascontrolled. Thus,the questionof which structuralcharacteristicsnake
asourceasuitablecandidatdor analogicatransferemainedunanswered.

Investigatingstructuralsource/tagetrelationsis of practicalinterestfor severalrea-
sons: (1) In an educationalcontext (cf. tutoring systems)the provided examples
have to be carefully balancedo allow for generalizatior(learning). Presentingpnly
isomorphsrestrictslearningto small problem classeswhile too large a degree of
structuraldissimilarity canresultin failure of transferandtherebyobstructdearning
(Pirolli & Anderson,1985). (2) A plausiblecognitive modelof analogicalproblem
solving (Falkenhaineret al., 1989; Hummel & Holyoak, 1997) shouldgeneratecor-
recttransferonly for suchsource/tagetrelationswherehumansubjectgperformsuc-
cessfully (3) Computersystemswhich employ analogicalor case-basedeasoning
techniquegCarbonell, 1986;Schmid& Wysotzki,1998)shouldrefrainfrom analog-
ical transferwhenthereis a high probability of constructingfaulty solutions. Thus,
situationscanbe avoidedin which systemusershave to check— andpossiblydelug
— generatedsolutions. Here information aboutconditionsfor successfutransferin
humananalogicalproblemsolving can provide guidelinesfor implementingcriteria
whenthe strat@y of analogicareasoninghouldbe rejectedin favour of otherprob-
lem solvingstrateyies.
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Appendix

In the following we presentall problemsusedin experimentl and2. Because
the graphsof the problemstructuresarelarge, we give the equationsandinequations
(terms)instead. For eachproblem,a graphcan be constructedoy representinghe
termsasdemonstrateéh figure 3. Thetermsgetintegratedinto a singlestructureby
usingeachparametefc,cp - - -, ¢4, ¢B - - -) @asuniquenode.

Problemsfor Experiment 1

Initial Problem
Jug A B C (D)
Capacity 28 35 42 -
Initial quantity 12 21 26 -
goalquantity 19 0 40 -

Operator sequencepour(C,B),pour(B,A), pour(A,C),pour(B,A)

Relevant Proceduralnformation/Rel@antDeclaratve Information (Constraints)see
Sourceproblem

SourceProblem
Jug A B C (D)
Capacity 36 45 54 -
Initial quantity 16 27 34 -
goalquantity 25 0 52 -

Operator sequencepour(C,B),pour(B,A), pour(A,C),pour(B,A)

RelerantProceduralnformation
ga(4) = qa(0) + (ca — qa(0)) — ca + (e — (ca — qa(0)))
a8(4) = qB(0) + (cB — ¢8(0)) — (ca — ¢a(0)) — (¢B — (ca — ¢a(0)))
gc(4) = qc(0) — (cB — gB(0)) +ca
RelevantDeclaratve Information(Constraints)
ca=2-(c —qn(0))
cB > (ca —qa(0))
qc(0) > (e — qB(0))
cc < gqc(0) +ca
Problem 1 (Isomorph/No Surface Change)
Jug A B C (D
Capacity 48 60 72 -

Initial quantity 21 36 45 -
goalquantity 33 0 69 -

Operator sequencepour(C,B),pour(B,A), pour(A,C),pour(B,A)
Structural distanceto source:dgs; =0

Relevant Proceduralnformation/Rel@antDeclarative Information (Constraints)see
Sourceproblem
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Problem 2 (Isomorph/Small Surface Change)
(Source/argetMapping: A/B, B/A, C/A)
Jug A B C (D
Capacity 60 48 72 -
Initial quantity 36 21 45 -
goalquantity 0 33 69 -

Operator sequencepour(C,A),pour(A,B),pour(B,C),pour(A,B)
Structural distanceto source:dss =0

RelevantProceduralnformation
qa(4) = q4(0) + (ca — q4(0)) — (c8 — ¢B(0)) — (ca — (cB — g5(0)))
a8(4) = gB(0) + (cB — ¢8(0)) — cB + (ca — (cB — ¢5(0)))
gc(4) = gc(0) — (ca — qa(0)) +cs
RelevantDeclaratve Information(Constraints)
cg =2+ (ca —qa(0))
ca > (ce — qB(0))
qc(0) > (ca — qa(0))
cc <qc(0) +cp
Problem 3 (Isomorph/Lar ge Surface Change)
(Source/argetMapping: A/B, B/C, C/A)
Jug A B C (D)
Capacity 72 48 60 -

Initial quantity 45 21 36 -
goalquantity 69 33 0 -

Operator sequencepour(A,C),pour(C,B),pour(B,A),pour(C,B)
Structural distanceto source: dss =0

RelevantProceduralnformation
qa(4) = qa(0) — (cc — qc(0)) + cs
48(4) = qB(0) + (cB — ¢B(0)) — B + (cc — (¢ — ¢8(0)))
qgo(4) = qc(0) + (cc — qc(0)) — (e — B(0)) — (cc — (cB — ¢8(0)))
RelevantDeclaratve Information(Constraints)
e =2-(cc —qc(0))
cc > (cB — qB(0))
q4(0) > (cc — qc(0))
ca < qa(0) +cp
Problem4 (Partial Isomorph/No Surface Change)
(additionaljug: A; Source/argetMapping:A/B, B/C, C/D)
Jug A B C D
Capacity 16 20 25 31
Initial quantity 3 8 15 18
goalquantity 0 13 3 28

Operator sequencepour(D,C),pour(C,B),pour(B,D),pour(C,B),pour(A,C)
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Structural distanceto source: dgy = 0.37

RelevantProceduralnformation
qa(5) = qa(0) — qa(0)
48(5) = ¢B(0) + (cB — ¢8(0)) — cB + (cc — (cB — ¢5(0)))
¢ (5) = qc(0) + (cc — qc(0)) — (e — qB(0)) — (cc — (¢ — ¢B(0)))
ap(5) = gp(0) — (cc — qc(0)) +cB
RelevantDeclaratve Information(Constraints)
e =2-(cc —qc(0))
cc > (cs — q(0))
cc > qa(0)
qp(0) > (cc — qc(0))
ep < qp(0) +¢B
Problem5 (Partial Isomorph/Small Surface Change)
(additionaljug: A; Source/argetMapping:A/C, B/B, C/D)
Jug A B C D
Capacity 16 25 20 31

Initial quantity 3 15 8 18
goalquantty 0 3 13 28

Operator sequencepour(D,B),pour(B,C),pour(C,D),pour(B,C),pour(A,B)
Structural distanceto source:dgs = 0.37

RelerantProceduralnformation

q4(5) = qa(0) — qa(0)

gc(5) = qc(0) + (cc — qc(0)) — cc + (e — (cc — qc(0)))
g8(5) = gB(0) + (¢ — ¢B(0)) — (cc — 9c(0)) — (¢8 — (cc — qc(0)))
qp(5) = ¢p(0) — (cB — ¢B(0)) + cc

RelevantDeclaratve Information(Constraints)

cc =2 (ce —qB(0))

cg > (co — qc(0))

cB > qa(0)

ap(0) > (cs — ¢B(0))

ep < gp(0) + co

Problemsfor Experiment 2
(Initial problemandsourceproblemareidenticalto experimentl.)

Problem 1 (Target Exhaustiveness)

(Source/argetMapping: A/A, B/B, C/C)
Jug A B C (D
Capacity 48 60 72 -
Initial quantity 21 36 45 -
goalquantity 0 33 69 -

Operator sequencepour(C,B),pour(B,A), pour(A,C)
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Structural distanceto source: dgs; = 0.16

RelevantProceduralnformation
24(3) = qa(0) + (ca —qa(0)) —ca
48(3) = qc(0) + (cB — g8(0)) — (ca — qa(0))
q0(3) = ¢B(0) — (cB —g8(0)) +ca
RelevantDeclaratve Information(Constraints)
ca=2-(cs —qs(0))
cg > (ca —qa(0))
qc(0) > (cB — qB(0))
cc < qc(0) +ca
Problem 2 (Sourcelnclusiveness)
(Source/argetMapping: A/A, B/B, C/C)
Jug A B C (D)
Capacity 48 60 72 -
Initial quantity 21 36 45 -
goalquantity 33 60 9 -
Operator sequencepour(C,B),pour(B,A), pour(A,C),pour(B,A), pour(C,B)
Structural distanceto source:dg, = 0.17
RelevantProceduralnformation
qa(5) = qa(0) + (ca — qa(0)) — ca + (cB — (ca — q4(0)))
48(5) = qB(0) + (cB — ¢8(0)) — (ca — ¢a(0)) — (cB — (ca — qa(0))) + cB
qc(5) = qc(0) — (cB — ¢B(0)) +ca —cB

RelevantDeclaratve Information(Constraints)
ca=2-(ce —gB(0))

cB > (ca —qa(0))

qc(0) > (cB — q5(0))

qc(0) <cs

co < qo(0) + ca

Problem3 (“High” Structural Overlap)
(identicalto problem4 in experimentl)

Problem4 (“Medium” Structural Overlap)
(additionaljug: A; Source/argetMapping:A/B, B/C, C/D)
Jug A B C D
Capacity 16 20 25 31
Initial quantity 6 9 15 18
goalquantity 14 14 0 20
Operator sequencepour(D,C),pour(C,B),pour(D,A), pour(B,D),pour(C,B)
Structural distanceto source: dgs = 0.55

RelevantProceduralnformation
q4(5) = ¢4(0) + (gn(0) — (cc — gc(0)))
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a8(5) = ¢8(0) + (cB — 48(0)) — cB + (cc — (cB — ¢B(0)))
qc(5) = qc(0) + (cc — e (0)) — (e — g(0)) — (cc — (cB — ¢B(0)))
ap(5) = (JD(O) (cc —4c(0)) = (gqp(0) — (cc — 4c(0))) +cB
RelevantDeclaratve Information(Constraints)
ca < (qa(0) +¢p(0))
q4(0) < (cc — qc(0))
cc > (cg — gB(0))
cp > (qp(0) +cB
Problem5 (“Low” Structural Overlap)
(additionaljug: A; Source/argetMapping:A/B, B/C, C/D)
Jug A B C D
Capacity 17 20 25 31
Initial quantity 7 9 15 18
goalquantity 16 5 0 28
Operator sequencepour(B,A), pour(D,C),pour(C,B),pour(B,D),pour(C,B)
Structural distanceto source:dgs = 0.59

RelevantProceduralnformation

qa(5) = ¢4(0) + ¢5(0)

qB(5) = ¢B(0) — qB(0) + cB — cB + (cc — qc(0))
qc(5) = qc(0) + (co — qc(0)) — ¢ — (cc — qc(0))
ap(5) = gp(0) — (cc — qc(0)) +cB
RelevantDeclaratve Information(Constraints)

cg =2 (co —qc(0))

ca > qa(0) +¢5(0)

¢cc > CB

qn(0) > (cc — qc(0))

cp < qp(0) +cB




