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Weproposeto characterizestructuralsimilarity betweensourceandtargetprob-
lemsby the typeandsizeof their structuraloverlap. Sizeof structuraloverlap
is capturedby a measureof graph-distance.We investigatedthe influenceof
structuraloverlapon transfersuccessin analogicalproblemsolving in two ex-
periments. In both experiments,for a fixed sourceproblemone of five tar-
get problemshad to be solved. In the first experiment,target problemsvar-
ied in superficialand structuralsimilarity to the source. In the caseof iso-
morphicsource/targetrelationssuperficialsimilarity hadno impacton transfer
successwhile for a partial isomorphictargetsolutionsuccesswasonly high if
sourceand target had identical surfaceattributes. In the secondexperiment,
surfaceof sourceandtargetwerekeptidenticalanddifferenttypesof structural
source/target relationswereinvestigated:For problemswith a high structural
overlapsourceinclusive andtarget exhaustive source/target relationsled both
to high transfersuccess.For partial isomorphicproblemswith a decreasein
structuraloverlap we could show that transferwas successfulas long as the
commonpartof sourceandtargetwaslargerthantheirdifferentparts.
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Intr oduction

Analogical reasoningis an often usedstrategy in everydayand academicproblem
solving. For example,if a personalreadyhasexperiencein planninga trip by train,
shemight transferthis knowledgeto planninga trip by plane. If a studentalready
hasknowledgein solving an equationwith oneadditive variable,shemight transfer
the solutionprocedureto an equationwith a multiplicative variable. For analogical
transfer, apreviouslysolvedproblem– calledsource– hasto besimilar to thecurrent
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problem– calledtarget. While a large numberof commonattributesmight help to
find ananalogy, sourceandtargethave to bestructurally similar for transfersuccess
(Holyoak& Koh,1987). In theidealcase,sourceandtargetarestructurallyidentical
(isomorph)– but this is seldomtrue in real-live problemsolving. Typically, if the
structureof problemsis in focus,we speakof analogy, regardlesswhethersourceand
target are from the samedomainor from different domains(Vosniadou& Ortony,
1989). If sourceandtargetarefrom the samedomainandsimilarity judgementsare
basedon problemattributesratherthanrelations,we speakof case-basedreasoning
(Kolodner, 1993).

Analogicalproblemsolving is commonlydescribedby thefollowing (possiblyin-
teracting)componentprocesses(e. g., Keane,Ledgeway, & Duff, 1994): represen-
tation of the target problem, retrieval of a previously solved sourceproblemfrom
memory, mappingof the structuresof sourceand target, transferof the sourceso-
lution to the target problem,andgeneralizingover the commonstructureof source
and target. The empirically bestexploredprocessesareretrieval andmapping(see
Hummel& Holyoak,1997andGentner, Holyoak,& Kokinov, 2000for anoverview).
Retrieval of a sourceis assumedto be guidedby overall semanticsimilarity (i. e.,
commonattributes),oftencharacterizedas“superficial” in contrastto structuralsimi-
larity (e.g.,Gentner& Landers,1985;Holyoak& Koh,1987;Ross,1989).Empirical
resultsshow thatretrieval is thebottleneckin analogicalreasoningandoftencanonly
beperformedsuccessfullyif explicit hintsabouta suitablesourcearegiven(Gick &
Holyoak,1980;Gentner, Ratterman,& Forbus,1993). Therefore,a usualprocedure
for studyingmappingandtransferis to circumventretrieval by explicitly presenting
a problemasa helpful example(Novick & Holyoak,1991).In thefollowing, we will
givea closerlook at mappingandtransfer.

Mapping and Transfer

Mappingis consideredthecoreprocessin analogicalreasoning.Thedecisionwhether
two problemsare analogousis basedon identifying structuralcorrespondencesbe-
tweenthem.Mappingis anecessary(butnotalwayssufficient,seeNovick & Holyoak,
1991)condition for successfultransfer. Therearenumerousempiricalstudiescon-
cerningthemappingprocess(c. f., Hummel& Holyoak,1997)andall computational
modelsof analogicalreasoningprovide an implementationof this component(e. g.,
Falkenhainer, Forbus, & Gentner, 1989; Keaneet al., 1994; Hummel & Holyoak,
1997). Mappingis typically modelledasfirst identifying the correspondingcompo-
nentsof sourceandtarget and thencarryingover the conceptualstructurefrom the
sourceto thetarget.For example,in theRutherfordanalogy(theatomis like thesolar
system),planetscanbemappedto electronsandthesunto thenucleusof anatomto-
getherwith relationsas“revolvesaround”or “moremassthan”(Gentner, 1983).In the
structuremappingtheory(Gentner, 1983)it is postulatedthatmappingis performed
purelysyntacticallyandthatit is guidedby theprincipleof systematicity– preferring
mappingof greaterportionsof structureto mappingof isolatedelements.Alterna-
tively, Holyoakandcolleaguespostulatethatmappingis constrainedby semanticand
pragmaticaspectsof the problem(Holyoak& Thagard,1989;Hummel& Holyoak,
1997). Mappingmight be further constrainedsuchthat it resultsin easyadaptabil-
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ity (Keane,1996). Currently, it is discussedthat a target might be re-represented,
if source/targetmappingcannotbe performedsuccessfully(Hofstadter& The Fluid
AnalogiesResearchGroup,1995;Forbus,Gentner, Markman,& Ferguson,1998).

Basedon themappingof sourceandtarget,the conceptualstructureof thesource
canbetransferredto thetarget. For example,theexplanatorystructurethat theplan-
etsrevolve arroundthe sunbecausethe sunattractsthe planetsmight be transferred
to the domainof atoms. Transfercanbe faulty or incomplete,even if mappingwas
performedsuccessfully(Novick & Holyoak,1991). Negative transfercanalsoresult
from a failurein prior sub-processes– constructionof anunsuitablerepresentationof
thetarget,retrieval of aninappropriatesourceproblem,or incomplete,inconsistentor
inappropriatemappingof sourceandtarget(c. f., Novick, 1988).Analogicaltransfer
might leadto theinductionof amoregeneralschemawhich representsanabstraction
over thecommonstructureof sourceandtarget (Gick & Holyoak,1983). For exam-
ple, whensolving theRutherfordanalogy, the moregeneralconceptof centralforce
systemsmight belearned.

Transfer of Non-Isomorphic SourceProblems

Ourwork focusseson analogicaltransferin problemsolving.Thereis amarginaland
a crucial differencebetweengeneralmodelsof analogicalreasoningandmodelsof
analogicalproblemsolving. While in generalsourceand target might be from dif-
ferentdomains(between-domainanalogiesastheRutherfordanalogy),in analogical
problemsolvingsourceandtargettypically arefrom thesamedomain(within-domain
analogies,e.g.,Vosniadou& Ortony, 1989).For example,peoplecanuseapreviously
solvedalgebraword problemasanexampleto facilitatesolvinga new algebraword
problem(e. g., Novick & Holyoak,1991;Reed,Ackinclose,& Voss,1990),or they
canusea computerprogramwith which they arealreadyfamiliar asan exampleto
constructa new program(e. g., Anderson& Thompson,1989). While the discrimi-
nationof between-andwithin-domainanalogiesis relevantfor thequestionof how a
suitablesourcecanberetrieved,it hasno impacton structuremappingif this process
is assumedto beperformedpurelysyntactically.

Themorecrucialdifferencebetweenmodelsof analogicalreasoningandof prob-
lem solving is that in analogicalreasoningtransferis mostly describedby inference
(in so-calledexplanatoryanalogies,e. g., Gentner, 1983)vs. by adaptation(in prob-
lemsolving,e.g.,Keane,1996).In thefirst case,(higher-order)relationsgivenfor the
sourcearecarriedover to thetarget– astheexplanationgivenaboveof why electrons
revolve aroundthe nucleus.In analogicalproblemsolving,on the otherhand,most
oftenthecompletesolutionprocedureof thesourceproblemis adaptedto thetarget.
Analogicaltransferof a problemsolutionsubsumesthestructural“carry-over” along
with possiblechanges(adaptation)of thesolutionstructureandtheapplicationof the
solutionprocedure.For example,if wearepresentedwith thenecessaryoperationsto
isolatea variablein anequation,we cansolvea new equationby adaptingtheknown
solutionprocedure.If structuresof sourceandtargetareidentical(isomorphic),trans-
fer canbedescribedassimply replacingthesourceconceptsby thetargetconceptsin
thesourcesolution.For a sourceequation

���������
	��
with solution

�
	����������� , the
target � ��������	����

canbesolvedby (1) mappingthenumbersof sourceandtarget,



StructuralSimilarity 4

that is
�

is mappedto � ,
�

to
�

and
�

to
� �

andby (2) substitutingthecorresponding
numbersin the sourcesolution. An examplefor sourceinclusive source/target pair
mappingis givenbelow in figure3.

Weareespeciallyinterestedin conditionsfor successfultransferof non-isomorphic
sourcesolutions.Therearea varietyof non-isomorphicalsource/targetrelationsdis-
cussedin literature: First, thereare different typesof mappingrelations: one-to-
one-mappings(isomorphism),many-to-one,andone-to-many mappings(Spellman&
Holyoak,1996).Secondly, therearedifferenttypesanddegreesof structuraloverlap
(seefig. 1): a sourcemight be“completelycontained”in thetarget(sourceinclusive-
ness;Reedetal.,1990),orasourcemightrepresentall conceptsneededfor solvingthe
targettogetherwith someadditionalconcepts(targetexhaustiveness;Gentner, 1980).
Thesearetwo specialcasesof structuraloverlapbetweensourceandtarget. It seems
plausibleto assumethat if the overlap is too small, a problemis no longerhelpful
for solving the target. Sucha problemwould not becharacterizedasa sourceprob-
lem. While therearesomeempiricalstudiesinvestigatingtransferof non-isomorphic
sources(Reedetal.,1990;Novick & Hmelo,1994;Gholson,Smither, Buhrman,Dun-
can,& Pierce,1996;Spellman& Holyoak,1996),thereis nosystematicinvestigation
of the structuralrelationbetweensourceandtarget which is necessaryfor succesful
transfer. Ourexperimentalwork focusseson theimpactof differenttypesanddegrees
of structural overlap on transfersuccess,that is, we currentlyareonly considering
one-to-onemappings.

Structural Representationof Problems

To determinethe structuralrelation betweensourceand target we have to rely on
explicitly definedrepresentationsof problemstructures.In cognitive modelsof ana-
logical reasoning,problemsaretypically representedby schemas(SME;Falkenhainer
et al., 1989;IAM; Keaneet al., 1994)or by semanticnets(ACME; Holyoak& Tha-
gard, 1989; LISA; Hummel & Holyoak, 1997). From a more abstractview, these
representationscorrespondto graphs,whereconceptsare representedasnodesand
relationsbetweenthemasarcs. Examplesfor graphsaregiven in figure 1. For ac-
tual problems,nodes(andpossiblyarcs)arelabelled. A graphrepresentationof the
solarsystemcontainsfor instancea nodelabelledwith the relationmore massthan
connectedto a nodeplanet-1andto anodesun.

While explicit representationsareoftenpresentedfor explanatoryanalogies(Gick
& Holyoak,1980;Gentner, 1983),this is not true for problemsolving. For algebra
problems(Novick & Holyoak,1991;Reedet al., 1990),the mathematicalequations
can be usedto representthe problemstructure(seefig. 3). In general– when in-
vestigatingsuchproblemsastheTower of Hanoi (Clément& Richard,1997;Simon
& Hayes,1976) – both the structureof a problemand the problemsolving opera-
tors(possiblytogetherwith applicationconditionsandconstraints,seeGholsonetal.,
1996)have to be taken into account.Thesetwo aspectsof problemsolving aredis-
cussedfor exampleby ReimannandSchult(1996):Analogieshelpto overcomeboth
the interpretationproblemof translatinga givenproblemdescriptioninto theoretical
conceptsandthecontrolproblemof decidingwhichoperatorto applyin agivenstate.

In the classicaltransformationalview of analogicalproblem solving (Gentner,
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Target Exhaustiveness

source
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Source Inclusiveness

Figure1: Typesanddegreesof structuraloverlapbetweensourceandtargetproblems

1983),little work hasbeendonewhich addresseshow to modelanalogicaltransferof
problemsinvolving severalsolutionssteps.In artifical intelligence,Carbonell(1986)
proposedderivationalanalogyfor multi-stepproblems:Hemodelsproblemsolvingby
analogyasderiving asolutionby replayof analreadyknown solutionprocess,check-
ing onthewaywhethertheconditionsfor operatorapplicationsof thesourcestill hold
whensolvingthetarget. In thefollowing, we neverthelessadoptthetransformational
approach– describinganalogicalproblemsolvingby mappingandtransfer. That is,
we will assumethatboth the(declarative) descriptionof theproblemandprocedural
informationarestructurallyrepresentedandthata targetproblemis solvedby adapt-
ing thesourcesolutionto thetargetproblembasedon structuremapping.We assume
thatproblemsandsolutionsarerepresentedin schemascapturingdeclarative aswell
asproceduralaspectsasarguedfor exampleby AndersonandThompson(1989)and
RumelhartandNorman(1981).

Whenspecifyingtherepresentationof aproblem,wehaveto decideonits formatas
well asits content(Gick & Holyoak,1980).In general,it is notpossibleto determine
all possibleaspectsassociatedwith a problem,thatis, we cannotclaimcompleterep-
resentations.We adoptthepositionof Gick andHolyoak,to modelat leastall aspects
which arerelevant for successfultransfer. A componentof the (declarative) descrip-
tion of a problemis relevant, if it is necessaryfor generatingtheoperationsequence
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whichsolvestheproblem.Furthermore,only theoperationsequencewhichsolvesthe
problemis regardedasrelevantproceduralinformation.A successfulproblemsolver
hasto focuson theserelevant aspectsof a problemandshouldignoreall otheras-
pects.Of course,we do not assumethathumanproblemsolversin generalrepresent
only relevantor all relevantaspectsof aproblem.Ourgoalis to systematicallycontrol
variantsof structuralsource/target relationsandtheir impacton transfer, that is, our
representationalassumptionsarenot empiricalclaimsbut a meansfor taskanalysis.
We want to construct“normatively complete”graphrepresentationsof problemsto
explorethe impactof differentanalyticallygivenstructuralsource/targetrelationson
empiricallyobservabletransfersuccess.

In thefollowing, we will first introduceour problemsolvingdomain– waterredis-
tribution tasks– andour problemrepresentations.Thenwe will presenttwo experi-
ments.In thefirst experimentwewill show thatproblemsolverscantransferasource
solutionwith moderatestructuralsimilarity to the target if the problemsdo not vary
in superficialfeatures.In thesecondexperimentwe investigatea varietyof different
structuraloverlapsbetweensourceandtarget.

Non-Isomorphic Variants in a Water Redistribution Domain

Becausewe focuson transferof declarative andproceduralaspectsof problemswe
constructeda problemtype that canbe classifiedas interpolationproblemslike the
Tower of Hanoi problems(e. g., Simon & Hayes,1976), the water jug problems
(Atwood & Polson,1976), or missionary-cannibalproblems(e. g., Reed,Ernst, &
Banerji,1974;Gholsonetal.,1996).Problemsolvingmeansto find thecorrectmulti-
stepsequenceof operatorsthat transforman initial stateinto thegoalstate.Interpo-
lationproblemshavewell-definedinitial andgoalstatesandusuallyonewell-defined
multi-stepsolution.Thus,they areassuitablefor systematicallyanalyzingtheirstruc-
tureas,for instance,mathematicalproblems(e.g., Reedet al., 1990)with theadvan-
tagethat they arenot likely to activateschool-trainedmathematicalpre-knowledge
(c. f., Blessing& Ross,1996).

We constructeda waterredistribution domainthat is similar to but morecomplex
thanthe water jug problemsdescribedby Atwood andPolson(1976). In the initial
statethree(or four) jugs of differentcapacityaregiven. The jugs areinitially filled
with differentamountsof water(initial quantities).Thewaterhasto beredistributed
betweenthejugsin suchaway thatthepre-specifiedgoalquantitiesareobtained.For
example,givenarethethreejugs ! , " and # with capacities$&% 	 � � , $&' 	(�)�

, and
$&* 	(�+�

(units). In theinitial statequantitiesare , % 	-���
, , ' 	.�0/

, and ,�* 	 � � . To
reachthegoalstatethevaluesof thesequantitiesmustbetransformedinto , % 	1�0�

,
, ' 	�2

and ,�* 	(�0�
by redistributing thewateramongthedifferentjugs(seefig. 2).

Thetaskis to determinetheshortestsequenceof operatorsthattransformtheinitial
quantitiesinto thegoalquantities.Theonly legaloperatoravailableis apour-operator
(theredistributeoperator)that is restrictedby thefollowing conditions:(1) Theonly
waterto pour is thewatercontainedby the jugs in the initial state.(2) Watercanbe
pouredonly from a non-empty‘pour out’-jug into an incompletelyfilled ‘pour in’-
jug. (3) Pouringalwaysresultsin eitherfilling the‘pour in’-jug upto its capacitywith
possiblyleaving a restof waterin the ‘pour out’-jug or emptyingthe ‘pour out’-jug
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quantiy
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goal

initial

Figure2: A waterredistributionproblem

with possiblyremainingfreecapacityin the ‘pour in’-jug. (4) Theamountof water
that is pouredout of the‘pour out’-jug is alwaysthesameamountthat is filled in the
‘pour in’-jug. Formally thispour-operatoris definedin thefollowing way:

IF not(;�<�=?>A@CBED ) AND not(;GFH=?>A@IBEJGF ) THEN pour(X,Y) resultingin:

IF ;G<K=?>L@NMOJGFQP
;GFR=?>A@
THEN ;SFH=?>UTWVS@YX BZ;SFH=?>L@[T\;G<]=?>A@; < =?>^TEVS@YX BZ; < =?>L@IP_; < =?>A@ (i. e. 0, emptyingjug X)
ELSE ; < =?>^TEVS@YX BZ; < =?>L@IPO=`J F Pa; F =?>A@L@;SFH=?>UTWV4X BZ;SFH=?>L@UTZ=`JGFQPa;SFR=?>L@L@ (i. e., JGF , filling jug Y)

with
;�<�=?>A@ : quantityof jug b at solutionstep>
Jc< : capacityof jug b ,
=`Jc<ZP
;�<�=?>A@L@ : remainingfreecapacityof jug b .

Becausewe areinterestedin which typesanddegreesof structuraloverlaparesuf-
ficient for successfulanalogicaltransfer, we have to ensurethat subjectsreally refer
to thesourcefor solvingthetargetproblem.Thatis, theproblemsshouldbecomplex
enoughto ensurethat the correctsolution can not be found by trial anderror, and
difficult enoughto ensurethattheabstractsolutionprincipleis not immediatelyinfer-
able.Therefore,weconstructedredistributionproblemsfor whichexistsonly asingle
(for two problemstwo) shortestoperatorsequence(in problemspaceswith over1000
statesandmorethan50cycle-freesolutionpaths).

To constructastructuralrepresentationof aproblemwewereguidedby thefollow-
ing principles:(a) thegoalquantityof eachjug canbedescribedastheinitial quantity
transformedby a certain(shortest)sequenceof operators;(b) relevantdeclarative at-
tributes(capacities,quantitiesandrelationsbetweentheseattributes)of theinitial and
thegoalstatedeterminethesolutionsequenceof operators;and(c) eachsolutionstep
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Table1: Relevantinformationfor solvingthesourceproblem
(a)Procedural

pour(C,B) pour(B,A) pour(A,C) pour(B,A)
,�%ed �)f = ,�%ed 20f � dg$&%ihZ,�%ed 2)fjf hk$&% ��l $&'Zhmdn$&%ohW,�%ed 20fcfqp
,�']d �rf = ,�'sd 20f � dg$&'ZhZ,�'�d 20fcf htdg$&%ihZ,�%ed 2)fjf h l $&'Zhmdn$&%ohW,�%ed 20fcfqp
, * d �)f = , * d 2)f htdg$&'ZhZ,�'�d 20fcf � $&%

(b) Declarative(constraints)
$&'mu dg$&%OhZ,�%ed 20fjf
$&% 	 ��� dg$&'EhZ,�']d 20fcf
,�*4d 20f u dg$ ' hZ, ' d 20fcf
$&*wv ,�*kd 2)fC� $ %

canbedescribedby thedefinitionof thepour-operatorgivenabove. In termsof these
principlesoperatorapplicationscan be re-formulatedby equationswherea current
quantitycanbe expressedby addingor subtractingamountsof water. For example,
using the parametersintroducedabove, the first operatorpour(C,B)of the example
presentedin figure2 transformsthequantitiesof jug " and # of theinitial statex 	�2
into quantitiesof statex 	y�

in thefollowingway: ,�'sd 20fz	.�0/
, , * d 20fR	 � � , $�' 	{�r�

,
$ * 	(�+�

:

BECAUSEnot=}|�~sBED�@ AND not=n� �4BZ~�� @
pour(C,B)at >�BED resultsin:

BECAUSEnot(34 M (45 - 27)):
;&�z=qV&@ = 27 + (45 - 27) = 45
;&��=qV&@ = 34 - (45 - 27)= 16.

Redistribution problemsdefinea specificgoalquantityfor eachjug. For this rea-
son,therehave to beasmany equationsconstructedastherearejugs involved. This
groupof equationsrepresentsall relevantproceduralaspectsof theproblem,thatis, it
representsthesequenceof operatorsleadingto thegoalstate.For example,thethree
equationsof thethreejugsin figure2 arepresentedin table1.

Eachgoal stateis expressedby the valuesgiven in the initial state. On the right
sideof the equalitysign thesegiven valuesarecombinedin a way that transforms
the initial quantity of eachjug into its goal quantity. Certainconstraintsbetween
the initial valueshave to be satisfiedso that theseequationsare balanced. These
constraintscanbe analyticallyderived from the equationsgiven in table1 andthey
constitutetherelevantdeclarativeattributesof theproblem.Theconstraintsfor water
redistribution problemshave the samefunction as the problemsolving constraints
given for examplefor the radiationor fortressproblems(Holyoak & Koh, 1987)or
themissionary-cannibalproblems(e.g., Reedet al., 1974;Gholsonet al., 1996).

As anexampleof how thesecontraintscanbederivedfrom theequations,you can
easilyseethatthelastpouroperatorof thesolution(pouringacertainamountof water
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from " into ! ) isonly executableif therelation $&'mu-dn$&%sh�,�%Hd 20fcf holds.Asasecond
constraint,the goal quantityof jug # could be describedby the following equation
,�*sd �)fz	 ,�*kd 20f&� dn$ ' hK, ' d 20fcf . But theexpressiondg$ ' h�, ' d 20fjf doesnotrepresentthe
quantityin jug " . It representstheremainingfreecapacityof thisjugwhich,of course,
cannotbepouredinto anotherjug. Becausetherelation $ % 	.�H� dn$ ' h
, ' d 20fjf holds,
weconcludethatthevalueof theremainingfreecapacityof jug " hasto besubtracted
from the quantityof jug # (only possibleif ,�*kd 20f u�dg$ ' hw, ' d 20fjf holds)andthat
thedoubleof this value( $&% ) hasto beaddedto thequantityin jug # by pouringthe
capacityof jug ! into jug # . Additionally, therelation $ * v{, * d 2)fN� $&% determines
therelativeorderof thetwo pour-operators:youhaveto subtractdn$&'\hQ,�']d 2)fjf before
youcanadd $�% to , * d 20f .

The equationsdescribingthe transformationsfor eachjug andthe (in-) equations
describingtheconstraintsof theproblemaresufficient to representall relevantdeclar-
ative andproceduralinformationof theproblem.Thus,transformingall of theminto
one graphicalrepresentationleadsto a normatively completerepresentationof the
problemwhichcanbeusedfor a taskanalyticaldeterminationof theoverlapbetween
two problemstructures.The equationsandin-equationsfor all water redistribution
problemsusedin ourexperimentsaregivenin theappendix.

Measurementof Structural Overlap

Structuralsimilarity betweentwo graphs� and � is typically calculatedasthesize
of thegreatestcommonsubgraphof � and � in relationto thesizeof thegreaterof
bothgraphs(e.g.,Scḧadler& Wysotzki,1998;Bunke& Messmer, 1994).Identifying
thegreatestcommonsubgraphbetweensourceandtargetproblemis alsothecentral
conceptusedin theStructureMappingEngine(SME,Falkenhaineretal.,1989).There
aredifferentpossibilitiesto calculategraphdistancesbasedon this notionwhich vary
only slightly. We decideduponthemeasuregivenin formula1:

� ���z� �R� 	-� h
� �N� ��� ����Q� � d � �k� � � f�� �
� � d � �4� � � f (1)

Thesizeof thecommonsubgraphis expressedby thesumof commonarcs
� �N� and

nodes
� �N� . Becauseof the standardizationwith respectto the maximalnumberof

arcsandnodesof thetwo graphs,thedistancecanassumevaluesbetween
2

and
�
, in-

dicatingisomorphicrelationsbetweentwo graphswith
� ���z� �R� 	(2

andnosystematic
relationbetween� and � with

� ���z� �R� 	y�
.

A usualtechnicalprocedurefor graphcomparisonis to considernot only thegiven
arcs,but alsothenon-existing arcs.That is, for eachpair of nodesin a graph,either
anarcexistswith agivenlabelor no arcexists.Betweenpairsof nodeswhicharenot
connectedanarcwith thespeciallabel“empty” is introduced.Consider, for example,
thesubgraphs

�t� �
and � ���

in the left andright graphin figure3. Thesesubgraphs
areisomorphif

�
is mappedon � :

�
is connectedwith

�
(times)by anarc �^� andit is

not connectedwith
�

(emptyarc)andthesamerelationshold for � .
For thetwo partial isomorphicgraphsin figure3 we obtain(for graph3.aas � and

graph3.bas � )



StructuralSimilarity 10

2

a2a1

a1

a1

a2

a2

(a) (b)

.

=

+

.

=

+

a1

a1

a1 a2

a2

-

a1 a2

a2

x

5

9

3 x

2

16

6

Figure3: Graphsfor theequations
���������t	��

(a)and � ����� d � h ��fz	1���
(b)

��� BE~�� ��� B�� � = ���i�W��� @� � B�� � � B�� = � � �W� � @� �[� BE| D � �U� BE�

resultingin thedifferencebetweenG andH

� ���z� �R� 	y� h � 2k���
/+�4��� 	(2[� �)/r�

Thevalueof
� ���Y� �H� 	�2[� �)/

indicatesthatthesizeof thecommonsubgraphof � and
� is a little morethanhalf of thesizeof thelargergraph � .

Of course,theabsolutevalueof thedistancebetweentwo problemsdependson the
choosensimilarity measure.But, for all measureswhich arebasedon the notion of
greatestcommonsubgraphsandwhichdonot introducedifferentweightsfor different
kinds of relations,suchmeasuresrendercomparableresults. Much morecritical is
thekind of representationchoosenfor a problembecausethis directly determinesthe
form of thegraph.Therefore,averystrictapproachfor transformingnaturallanguage
problemdescriptionsinto structuralrepresentationsis necessary. Ournormativeprob-
lem analysisis sucha strict approach. Nevertheless,we consideronly the ordinal
informationof thesimilarity valuesasrelevantfor ouranalyses.

Structural vs. ProcessOriented ProblemAnalysis

Our problemanalysisis focussedon the structure of the problems: (a) relations
betweenthe differentquantitiesinvolved and(b) proceduralinformationwhich de-
pendson theserelationsarerepresentedby termsoveracommonsetof constants(the
capacitiesandinitial quantitiesof the jugs). In contrast,AtwoodandPolson(1976)
give a normative problemanalysisbasedon the problem-spaceconcept(Newell &
Simon,1972).AtwoodandPolson(1976)investigatedwaterredistribution problems
not in thecontext of analogicalproblemsolvingbut in problemsolvingasstate-space
search.They usemeans-endanalysisto modeltheproblemsolvingprocess, thatis, the
sequenceof operatorapplicationsa problem-solver performesto transforman initial
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stateinto the goal state. The means-endheuristicsstatesthat alwayssuchan oper-
ator is selectedfor applicationwhich transformsthe currentstateinto onewhich is
moresimilar to thegoalstate.Theviolationwasquantifiedby anevaluationfunction,
addingthedifferencesbetweencurrentandgoalquantitiesfor eachjug. An operation
transforminga state   ¡ into a state   ¡�¢ � is classifiedasviolation if the valueof the
evaluationfunctionfor   ¡£¢ � is higherthanfor   ¡ .

Thewaterjug problemsusedby AtwoodandPolson(1976)wereconstructedsuch
that the underlyingproblemspacesareof a constant,small size (16 to 28 problem
states)andthatthereexist alwaystwo solutionpathswith oneof themat leastonestep
shorterthantheother. Lengthof theoptimalsolutionsare7 to 13 steps.All problems
involved threejugs, whereinitially the largestjug was full andthe other jugs were
empty. An exampleproblemis given in figure 4.a: The jug capacitiesare $�% 	¥¤

,
$&' 	��

, and $ * 	 � ; the initial quantitiesin state ¦ are ,�% 	§¤
, ,�' 	 , * 	¨2

;
the goal quantities,which canbe obtainedby a minimum of 7 pour-operationsare
,�% 	 ,�' 	m�

and , * 	�2
.

The problemsvariedwith respectto the numberof stateson the optimal solution
pathwhich violate themeans-endheuristics.However, this measureof problemdif-
ficulty did not predictproblemsolving success.In an post-hocanalysis,the authors
couldshow, that thenumberof stateson thesolutionpathwhich leadinto “loops” in
theproblemspace(called“distractors”)werea betterpredictorof performance.For
theproblemin figure4.a,thevaluesof theevaluationfunctionaregivenfor eachprob-
lemstate.For example,for state¦ thedifferencesare

¤
, for state© thedifferencesare�

. On theoptimalright-handpaththereexist � violations.Thereare
��2

distractorson
theright-handpath,thatis, loopswhich leadbackto oneof thestates¦ , ª , © , and « .

Again,ourresearchis concernedwith theinfluenceof structuralsimilarity ontrans-
fer successin analogicalproblemsolvingandnot with theinfluenceof parametersof
problemdifficulty and their influenceon problemsolving successin a state-space
searchcontext. Nevertheless,thenormativeanalysisof AtwoodandPolson(1976)is
aninterestingsupplementto our own analysis:First,wecanmakesurethatstructural
similarity of sourceandtarget ratherthanproblemdifficulty of the target is respon-
sible for variationsin problemsolving performanceby determiningthe numberof
violationsto themeans-endheuristicsandthenumberof distractorsfor theproblems
usedin our experiments.Second,the problem-spacerepresentationcanbe usedas
an alternative to our graph-representationof problemstructures.It is ratherthe de-
cision what to includein a problemrepresentationthanslight variantsin a measure
determiningthe relative sizeof the greatestcommonsubgraphwhich can result in
a largevarianceof problemsimilarity. Theproblem-spaceconceptresultsin graphs
with problemstates(all jugswith their currentquantities)asnodesandarcsbetween
nodeswhich canbereachedby theapplicationof a singlepour-operation,while the
problemrepresentationweproposedresultsin graphswith quantities,operations,and
comparisionsasnodesandtheir compositioninto termsasarcs.

Theproblemspaceanalysisfor a targetproblemusedin experiment1 (anisomorph
to the sourceproblemgiven in fig. 2) is given in figure 4.b. Becauseour problem
spacesaremuchmorecomplex thanthe problemspacesunderlyingtheproblemsof
AtwoodandPolson(1976),we presentonly theoptimal solutionpathandthestates
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Figure4: Problemspacefor a water jug problemof Atwood andPolson(1976,fig.
1.a) (a) andrelevantpart of the problemspacefor a target problemof experiment1
(b). Jugcapacitiesaregivenat topof thefigure,initial statesaremarked ¦ , goalstates
aremarked � , valuesof themeans-endevaluationfunctionaregivenin dashes.

which areonestepdistantfrom this path.This is thepartof theproblemspacewhich
is relevant to obtain the parametersof problemdifficulty proposedby Atwood and
Polson(1976).For theproblemin figure4.b thereis oneviolation of themeans-end-
heuristics(thefirst transformationstep)andthereare

���
distractors.

For experiment 2 reported below, we will present problem difficulties and
source/targetsimilaritiesbasedon theproblem-spacerepresentationof ourproblems.

Experiment 1

Experiment1 was designedto investigatethe suitability of the water-redistribution
for studyinganalogicaltransferin problemsolving, to get someinitial information
abouttransferof isomorphicvs. non-isomorphicsources,andto checkfor possible
interactionof superficialwith structuralsimilarity.

Theproblemswereconstructedin sucha way that it is highly improbablethat the
correctoptimaloperator-sequencecanbefoundby trial-and-erroror that thegeneral
solutionprinciple is immediatelyinferable.To investigateanalogicaltransfer, infor-
mationaboutmappingof sourceandtargetcanbegivenbeforethetargetproblemhas
to besolved(c. f., Novick & Holyoak,1991).Thiscanbedoneby pointingout therel-
evantpropertiesof a problem(conceptualmapping)andby giving informationabout
thecorrespondingjugsin sourceandtarget(“numerical” mapping).Additionally, in-
formationabouttheproblemsolvingstrategy of subjectscanbeobtainedby analyzing
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log-filesof subjects’problemsolvingbehavior andby testingmappingaftersubjects
solvedthetargetproblem.

To get an indicationof the degreeof structuralsimilarity betweena sourceanda
target which is necessaryfor transfersuccess,an isomorphicsource/target pair was
contrastedwith a partial isomorphicsource/targetpair with “moderatelyhigh” struc-
tural overlap. This shouldgive ussomeinformationaboutthe rangeof source/target
similaritieswhichshouldbeinvestigatedmoreclosely(in experiment2).

To controlpossibleinteractionsof structuralandsuperficialsimilarity, wediscrimi-
natestructurepreservingandstructureviolatingvariantsof targetproblems(Holyoak
& Koh,1987):For agivensourceproblemwith threejugs(seefig. 2),atargetproblem
with four jugsclearlychangesthesuperificalsimilarity in contrastto a targetproblem
consistingalsoof threejugs. But this additionaljug might or might not result in a
changeof theproblemstructure– reflectedin thesequenceof pour-operationsneces-
saryfor solvingtheproblem.In contrast,othersuperficialvariations– like changing
thesequenceof jugs from small/medium/largeto large/medium/small– arestructure
preserving,but clearlyaffectsuperficialsimilarity. If theintroductionof anadditional
jug doesnot leadto additionaldeviationsfrom thesurfaceappearanceof the source
problem,we regardthesurfaceas“stable”. As a consequence,therearefour possible
source/targetvariations:structurepreservingproblemswith stableor changedsurface
andstructureviolatingproblemswith stableor changedsurface.

Method

Material

As sourceproblem, the problemgiven in figure 2 was used. We constructedfive
differentredistributionproblemsastargetproblems(seeappendix):

Problem1: a threejug problemsolvablewith four operatorswhich is isomorphicto
thesourceproblem(conditionisomorph/nosurfacechange),

Problem2: a threejug problemsolvablewith four operatorswhich is isomorphicto
thesourceproblem,but hasa surfacevariationby switchingpositionsof thesmall
jug (A) and the mediumjug (B) andrenamingthesejugs accordingly( !­¬®" ,
"�¬¯! ) (conditionisomorph/smallsurfacechange),

Problem3: a threejug problemsolvablewith four operatorswhich is isomorphicto
the sourceproblem,but hasa surfacevariationby switchingpositionsof all jugs
( !�¬¯" , "°¬±# , #²¬±! ) (conditionisomorph/largesurfacechange),

Problem4: a four jug problem solvable with five operatorswhich has a moder-
atelyhighstructuraloverlapwith thesource(conditionpartial isomorph/nosurface
change), and

Problem5: a four jug problemsolvable with five operatorswhich is isomorphto
problem4, but hasa surfacevariationby switchingpositionsof two jugs( !-¬±" ,
"�¬¯! ) (conditionpartial isomorph/smallsurfacechange).

Becauseof the exploratory natureof this first experiment,we did not introducea
completecrossingof structureandsurfacesimilarity. Themainquestionwas,whether
subjectscouldsuccessfullyusea partial isomorphin analogicaltransfer.
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In additionto thesourceandtargetproblems,an“initial” problemwhich is isomor-
phic to the sourcewasconstructed.This problemwasintroducedbefore thepresen-
tationof thesourceproblemfor thefollowing reasons:first, subjectsshouldbecome
familiar with interactingwith theproblemsolving environment(theexperimentwas
fully computer-based,seebelow); and second,subjectsshouldbe “primed” to use
analogyasasolutionstrategy, by gettingdemonstratedhow thesourceproblemcould
besolvedwith helpof theinitial problem.

Subjects

Subjectswere60pupils(31maleand29female)of agymnasiumin Berlin, Germany.
Theiraverageagewas17.4years(minimum14andmaximum19years).

Procedure

The experimentwasfully computerbasedandconductedat the school’s PC-cluster.
Theoveralldurationof anexperimentalsessionwasabout45minutes.All interactions
with theprogramwererecordedin log-files. Onesessionconsistedof the following
parts:

Instruction and Training. First, generalinstructionswere given, informing about
thefollowing tasksandthewater-redistributionproblems.Subjectswereintroduced
to thesettingof thescreen-layout(graphicsof the jugs)andthehandlingof inter-
actionswith theprogram(performinga pour-operation,un-doinganoperation).

Initial problem. Afterwards,thesubjectswereaskedto solvetheinitial problemwith
tutorial guidance(performedby theprogram).In caseof correctsolutionthetutor
askedthesubjectto repeatit without any error. Thetutor intervened,if subjecthad
performedfour stepswithout success,or hadstartedtwo new attemptsto solve the
problem,or if they neededlongerthanthreeminutes.This partwasfinished,if the
problemwascorrectlysolvedtwice without tutorial help.

Sourceproblem. Whenintroducingthe sourceproblem,first somehints aboutthe
relevantproblemaspectsfor figuring out a shortestoperator-sequenceweregiven
(by thinking aboutthegoalquantitiesin termsof relationsto initial quantitiesand
maximumcapacities).Afterwards,thecorrespondancebetweenthethreejugsof the
initial problemandthe threejugs of the sourceproblemswerepointedout. Now,
thescreenofferedanadditionalbuttonto retrievethesolutionsequenceof theinitial
problem.Theinitial solutioncouldberetrievedasoftenasthesubjectdesired.To
performanoperationfor solvingthesourceproblem,thiswindow hadto beclosed.
Tutorial guidancewasidenticalto theinitial problem,but subjectshadto solve the
sourceproblemonly once.

Target problem. Every subjectrandomlyreceived oneof the five target problems.
Again, mappinghints (relevantproblemaspects,correspondancebetweenjugs of
the sourceandthe target problem)weregiven. The sourcesolutioncould be re-
trievedwithout limit, but, again,thesubjectscouldonly proceedto solve thetarget
problemafter this window wasclosed.Thereby, thenumberandtime of reference
to thesourceproblemcouldbeobtainedin log-files. Thesubjectshada maximum
of 10 minutesto solve the target problem. Sincethe instructionemphasizedthat
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Table2: Resultsof Experiment1
Problem 1 2 3 4 5
structure³ ISO ISO ISO P-ISO P-ISO
surfacé no small large no small
n 12 12 12 12 12
solved 12 11 9 8 6
correctmapping 8 12 10 9 6
shortestsolution 8 10 8 8 3
transferrate 100% 83.3% 80% 88.9% 50%µ
ISO= isomorph,P-ISO= partial isomorph¶
no,small,largechangeof surface

the shortestpossiblesolution shouldbe found, performanceshouldbe biasedto
accuracy ratherthanto speed.

Mapping Control. Mappingsuccesswascontrolledby a short testwheresubjects
hadto giverelationsbetweenthejugsof thesourceandtargetproblem.

Questionnaire. Finally, mathematicalskills (lastmarkin mathematics,subjectiverat-
ing of mathematicalknowledge,interestin mathematics)andpersonaldata(ageand
gender)wereobtained.

Resultsand Discussion

Overall, therewas a monotonicdecreasein problemsolving successover the five
target problems(seetab. 2, lines n andsolved). To make surethat problemsolving
successwasdeterminedby successfultransferof the source andnot by someother
problemsolvingstrategy, only subjectswhichgaveacorrectmappingwereconsidered
anda solutionwasratedas“transfersuccess”if thegeneratedsolutionsequencewas
the(unique)shortestsolution(seetab. 2, linescorrectmappingandshortestsolution).
Thevariable“transfersuccess”wascalculatedaspercentageof subjectswhith correct
mappingwhich generatedtheshortestsolution(seetab. 2, line transferrate).

Weintroducedthisstrictmappingcriteriumbecauseof thehighprobabilitiesto give
partially correctmappingsby guessing:For � -to-� jug mappingsthe probability to
maponepaircorrectis

��· � . Becausemappingtwo pairsdeterminesthethird map,the
probabilityof two correctmappingsandtheprobabilityof a totally correctmapping
areboth

��·��
. For a � -to

�
jug mapping,theprobabilityof onecorrectmappingis

��·��
,

of two correctmappings
��·r���

, andof a totally correctmapping
��·+�+�

. With exception
of condition

�
, thosesubjectswho foundtheshortestsolutionwerea subsetof those

subjectswho did themappingcorrectly. In condition
�
, threesubjectsgeneratedthe

shortestsolutionwho mademappingerrors. Two of thesesubjectsmappedtwo of
the threejugs of the sourceincorrectly to the four target jugs, onemappedonejug
incorrectly.

Log-file analysisshowed,that10subjectsretrievedthesourcesolutionat leastonce,
only 4 subjectsretrievedthesequenceof alreadyperformedmoves,16 subjectsinter-
ruptedtheir currentsolutionattemptto startwith theinitial stateagain,and9 subjects
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tried to performillegalmoves.Noneof thesubjectswho solvedtheproblemsuccess-
fully retrieved the sequenceof alreadyperformedmoves. Interestingly, noneof the
subjectswho performedcorrectmapping,retrievedthesourcesolutionwhile solving
thetargetproblem.It is highly improbablethatthecorrectshortestsolutionwasfound
randomlyor thatsubjectscould infer thegeneralsolutionprinciplewhensolvingthe
initial andsourceproblem.As a consequence,we have to assumethat thesesubjects
solvedthe targetby analogicaltransferof thememorized(four-step)sourcesolution
(VanLehn& Jones,1993).

Transfersuccessdecreasednearlymonotoniclyoverthefiveconditions.Exceptions
wereproblems3 (isomorph/highsurfacechange) and4 (partial isomorph/nosurface
change). Thehigh percentageof transfersuccessfor problem4 indicatesclearly, that
subjectscansuccesfullytransferanon-isomorphicsourceproblem.Evenfor problem
5 (partial isomorph/surfacechange) transfersuccesswas50%.

Thereis no overall significantdifferencebetweenthefive experimentalconditions
(exact

��¸O�
polynomialtest3: ¹ 	y2^�º���

). To control interactionsbetweenstructural
andsuperficialsimilarity, differentcontrastswerecalculatedwhich we discussin the
following.

IsomorphStructure/Changein Surface

Thereis no significantimpactof the variationof superficialfeaturesbetweencondi-
tions1,2 and3 (exactbinomial-tests:1 vs. 2 with ¹ 	�2^�º�����

; 2 vs. 3 with ¹ 	{2[� �0�+¤
;

and1 vs.3with ¹ 	»2^�£����¤
). This finding is in contrastto Reedet al. (1990). Reed

andcolleaguesshowedthatsubjects’ratingof thesuitability of aproblemfor solving
a given target is highly influencedby superficialattributes. However, theseratings
wereobtainedbefore subjectshad to solve the target problem. This indicates,that
superficialsimilarity hasa high impacton retrieval of a suitableproblembut not on
transfersuccess,as wasalso shown by Holyoak andKoh (1987)whencontrasting
structure-preservingvs. structure-violatingdifferences.

Change in Structure/StableSurface

Changesin superficialattributesbetweenconditions1 and4 (isomorphvs. partial
isomorph,both with no surfacechange)respectively 2 and5 (isomorphvs. partial
isomorph,both with small surfacechange)can be regardedas stable,becausethe
additionaljug (in condition4 vs. 1 andcondition5 vs. 2) influencesonly structuralat-
tributes.Thatis,bycontrastingtheseconditionswemeasuretheinfluenceof structural
similarity on transfersuccess.Thereis no significantdifferencebetweencondition1
and4 (exactbinomial-tests:1 vs. 4 with ¹ 	�2^� � ��� ). But thereis asignificantdiffer-
encebetweenconditions2 and5 (exactbinomial-tests:2 vs. 5 with ¹ 	°2[� 2 � � ): A
partial isomorphcanbeusefulfor analogicaltransferif it sharessuperficialattributes
with the target,but, transferdifficulty is high if sourceandtargetvary in superficial
attributes– evenif themappingis explicitly given!

3For this test,theresulthasto betestedagainstthenumberof cell-valuedistributionscorre-
spondingwith thegivenrow andcolumnvalues.Theprocedurefor obtainingthis numberwas
implementedby Knut Polkehn.
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Change in Structure/Change in Surface

The variation of superficialattributesbetweenconditions4 and 5 hasa significant
impact(exact binomial-tests:¹ 	�2^� 2 � � ). As shown for the contrastof conditions
2 and5, if problemsarenot isomorphic,superficialattributesgain importance.Of
course,thisfinding is restrictedto thespecialtypeof source/targetpairsandvariation
of superficialattributeswe investigated– that is, to caseswherethetarget is “larger”
thanthesourceandwherejugsarealwaysnamedas ! , " , # ( ¼ ), but thenamescan
beassociatedwith jugsof differentsizes.In this specialcase,the intuitive constraint
of mappingjugswith identicalnamesandpositionshasto beovercomeandkeptactive
duringtransfer.

To summarize,this first explorative experimentshows, that water redistribution
problemsare suitable for investigatinganalogicaltransfer – most subjectscould
solve the targetproblems,but solutionsuccessis sensitive to variationsof structural
source/targetsimilarity. As a consequenceof the interactionfound betweensuperfi-
cial andstructuralsimilarity, in thefollowing, superficialsource/targetsimilarity will
bekepthigh for all targetproblemsandwewill investigateonly targetproblemsvary-
ing in their structuralsimilarity to the source(i. e., with stablesurface). Finally, the
highsolutionsuccessfor thepartialisomorphof “moderatelyhigh” structuralsimilar-
ity (condition4) indicates,thatwe caninvestigatesource/targetpairswith a smaller
degreeof structuraloverlap.

Experiment 2

In the secondexperimentwe investigateda finer variationof differenttypesandde-
greesof structuraloverlap. We focusedon two hypothesesaboutthe influenceof
structuralsimilarity on transfer:

(1) We have beeninterestedin the possiblydifferenteffectsof different typesof
structuraloverlapon transfer– that is target exhaustivenessversussourceinclusive-
nessof problems(c. f., fig. 1). If oneconsidersa problemstructureasconsistingof
only relevantdeclarative andproceduralinformation,differenttypesof structuralre-
lationsresult in differencesin the amountof both commonrelevant declarative and
commonrelevantproceduralinformation.Changingtheamountof commondeclara-
tive informationrequiresignoringdeclarativesourceinformationin thecaseof target
exhaustivenessandadditionallyidentifying declarative target informationin thecase
of sourceinclusiveness. Changingthe amountof commonproceduralinformation
meanschangingthelengthof thesolution(i. e.,theminimalnumberof pour-operators
necessaryto solve theproblem).

Thus, comparedto the sourcesolution target exhaustivenessresultsin a shorter
targetsolutionwhile thetargetsolutionis longerfor sourceinclusiveness.Assuming
thatignoringinformationis easierthanadditionallyidentifying information(Schmid,
Mercy, & Wysotzki,1998)andassumingthata shortertargetsolutionis easierto find
thanalongerone,weexpectthatsuccessfultransfershouldbemoreprobablefor target
exhaustive than for sourceinclusive problems. In line with this assumption,Reed
et al. (1974)reportedincreasingtransferfrequenciesfor target exhaustive relations,
if subjectswereinformedaboutthe correspondencesbetweensourceandtarget (see
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alsoReedetal., 1990).
(2) While sourceinclusivenessandtargetexhaustivenessarespecialtypesof struc-

turaloverlapwehavealsobeeninterestedin theoverall impactof thedegreeof struc-
tural overlapon transfer. We wantedto determinetheminimumsizeof thecommon
substructureof sourceandtargetproblemthatmakesthesourceusefulfor analogically
solvingthetarget.Or in otherwords,wewantedto measurethedegreeof thedistance
betweensourceandtargetstructuresup to which thesourcesolutionis transferableto
thetargetproblem.

Method

Material

As initial andsourceproblemwe usedthe sameproblemsas in experiment1. As
targetproblemswe constructedfollowing five differentredistribution problemswith
constantsuperficialattributes(seeappendix):

Problem1: a threejug problemsolvablewith threeoperatorswhosestructurewas
completelycontainedin the structureof the sourceproblem(condition target ex-
haustiveness),

Problem2: a threejug problemsolvablewith five operatorswhosestructurecon-
tainedcompletelythestructureof thesourceproblem(conditionsource inclusive-
ness),

Problem3: thepartialisomorphproblemusedbefore(condition4 in experiment1) –
afour jug problemsolvablewith fiveoperatorswhosestructurecompletelycontains
thestructureof thesourceproblem;thisproblemsharesasmallerstructuraloverlap
with thesourcethanproblem2 (condition“high” structural overlap), and

Problem4 and 5: morefour jug problemssolvablewith five operatorsthathave de-
creasingstructuraloverlapwith thesource;thestructuresof sourceandtargetshare
a commonsubstructure,but both structureshave additional aspects(conditions
“medium” structural overlapand“low” structural overlap)

For all problemstructuresdistancesto the sourcestructurewerecalculatedusing
formula1 (seeappendixandlastline in tab. 3). Becauseof theintrinsicconstraintsof
the waterredistribution domain,it wasnot possibleto obtainequi-distancebetween
problems.Nevertheless,the problemswe constructedservedasgoodcandidatesfor
testingourhypotheses.

To investigatetheeffectof thetypeof structuralsource/targetrelation,thedistances
of problem1 (targetexhaustive) andproblem2 (sourceinclusive) to thesourcehave
beenkeptaslow aspossibleandassimilar aspossible:

�r½ � 	-2[��� �
and

�)½ � 	-2[����/
.

As discussedabove, it canbe expected,that target exhaustivenessleadsto a higher
probabilityof transfersuccessthansourceinclusiveness.

Althoughproblem3 is asourceinclusiveproblem,weusedit asananchorproblem
for varying the degreeof structuraloverlap. Target problem4 differedmoderately
from targetproblem3 in its distancevalue(

� ½)¾ 	�2^� � / vs
� ½0¿ 	°2^�º���

) while target
problem5 differedfrom targetproblem4 only slightly (

� ½0¿ 	²2[� �0�
vs.

� ½ � 	.2^�º�+�
).

Thus,onecould expectstrongdifferencesin transferratesbetweencondition3 and
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Table3: ProblemDifficultiesandSource/TargetSimilaritiesfor Experiment2
TargetProblems

Source target source “high” “medium” “low”
Problem exhaustive inclusive overlap overlap overlap

n of steps³ 4 3 5 5 5 5
violationś 1 2 3 1 2 1
distractorsÀ 14 11 17 43 41 41
similarity of 0.00 0.14 0.12 0.63 0.64 0.76

problem-spacesÁ
similarity of 0.00 0.16 0.17 0.37 0.55 0.59

problemstruc.Âµ
numberof stepsfor optimalsolution¶
violationsof themeans-endheuristicsÃ
numberof loopsleadingoutof theoptimalsolutionpathÄ
Structuralsimilarity betweentheproblem-spacerepresentationsof sourceandtargetÅ
Structuralsimilarity betweenthestructuralrepresentationsof sourceandtarget

Notethatvaluesgivenfor thesourceproblemareidenticalfor the isomorphtargetproblem(1
in experiment1) andthatvaluesgivenfor theproblemwith “high” overlapareidenticalfor the
partialisomorphproblem(4 in experiment1).

4 andnearlythesametransferratesfor conditions4 and5. We nameproblems3, 4,
and5 as“high”, “medium” and“low” overlapin accordanceto the rankingof their
distancesto thesourceproblem.

We analyzedthe problemdifficulties asproposedby Atwood andPolson(1976)
(seesectionStructuralvs. ProcessOrientedProblemAnaysis,above). Furthermore,
asan alternative to our structuralproblemrepresentationwe calculatedsimilarities
of the partial problemspaces.Problemdifficulties of source,target exhaustive, and
sourceinclusive problemsaresimilar, for violationsof the means-endheuristicsas
well asfor thenumberof distractors.Thesameis true for the threetargetproblems
with varying degreeof structuraloverlapwith the source.That is, thereis no influ-
enceof variationsof theproblemstructureontheproblemdifficulty! Furthermore,the
ordinalrelationof thesource/targetsimilaritiesis thesamefor theproblem-spacerep-
resentationproposedby AtwoodandPolson(1976)andfor therepresentationformat
proposedby us.

Subjects

Subjectswere70pupils(18maleand52female)of agymnasiumin Berlin, Germany.
Their averageageas16.3years(minimum16 andmaximum17 years).Thedataof
2 subjectswasnot loggeddueto technicalproblems.Thus,68 logfileswereavailable
for dataanalysis.

Procedure

Theprocedurewasthesameasin experiment1. Eachsubjecthadto solve oneinitial
problemandoneisomorphicsourceproblemfirst andwasthenpresentedoneof the
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Table4: Resultsof Experiment2
Problem 1 2 3 4 5
structure target source “high” “medium” “low”

exhaustive inclusive overlap overlap overlap
n 11 10 16 15 16
correctmapping 7 8 13 9 12
shortestsolution 6 7 10 5 1
transferrate 86% 88% 77% 56% 8%

five targetproblems.

Resultsand Discussion

49 subjectsmappedthejugsfrom thesourceto thetargetcorrectly. Thus19 subjects
had to be excludedfrom analysis. Table 4 shows the frequenciesof subjectswho
performedthecorrectmappingbetweensourceandtargetandgeneratedtheshortest
solutionsequenc,i. e.,solvedthetargetproblemanalogically(c. f., experiment1).

Typeof Structural Relation

Thereis no differencein solving frequenciesbetweencondition 1 and2 (exact bi-
nomial test, ¹ 	¨2[� �02)/

). That is, thereis no indicationof an effect of the type of
structuralsource/targetrelationontransfersuccess.In contrastto thefindingsof Reed
et al. (1974)andReedet al. (1990),it seems,thatthedegreeof structuraloverlaphas
amuchlargerinfluencethanthetypeof structuralrelationbetweensourceandtarget.
Furthermore,lookingonly at theproceduralaspectof ourproblems,wecouldnotfind
an impactof the lengthof the requiredoperator-sequence(threestepsfor problem1
vs. 5 stepsfor problem2) on solutionsuccess.

A possibleexplanationmight be that the type of structuralrelationhasno effect,
if problemsarevery similar to the source.It is clearly a topic for further investiga-
tion, to checkwhethertargetexhaustiveproblemsbecomesuperiorto sourceinclusive
problemswith increasingsource/targetdistances.

A generalsuperiorityof degreeovertypeof overlapcouldbeexplainedby assuming
mappingasasymmetricalinsteadof anasymmetrical(sourceto target)process.Hum-
mel andHolyoak(1997)arguethatduringretrieval thetargetrepresentation“drives”
theprocess.In contrast,duringmappingtheroleof the“driver” canswitchfrom target
to sourceandvice versa.During transferthe sourcestructureagaintakescontrol of
theprocess.Thus,aninteractionbetweentheseprocessesmustleadto decreasingdif-
ferencesbetweeneffectsof sourceinclusivenessandeffectsof targetexhaustiveness
on analogicaltransfer.

Degreeof Structural Overlap

Eachproblemof conditions3 to 5 hasbeensolvablewith at leastfiveoperators.That
means,therewas one additionaloperatorneededcomparedto the sourcesolution.
Resultsfor conditions3 to 5 show a significantdifferencebetweentheeffectsof dif-
ferentdegreesof structuralsource/targetoverlapon solutionfrequency (exact � ¸Z�
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test, ¹ 	�2^� 2�2)�
). Comparingeachsinglefrequency againsteachotherindicatesthat

thecrucialdifferencebetweenstructuraldistancesis betweenconditions4 and5 (ex-
act binomial test, conditions3 and4: ¹ 	¯2^�£�

; conditions3 and5: ¹Æv 2[� 202^�
;

conditions4 and5: ¹ 	{2^� 2�202^�
).

This finding is in accordancewith the ordinal source/target similarities
�r½)¾ v� ½�¿ v � ½ � , but it is surprisingif we take into accountthat the differenceof struc-

tural distancebetweenconditions3 and4 is much larger thanbetweencondition4
and5 (

� ½0¾ 	Ç2^� � / , � ½0¿ 	Ç2[� �0�
,
� ½ � 	¯2^�º�+�

). For absolutedistancevalues,the
problem-spacerepresentationsgivenin table3 correspondmuchbetterwith our find-
ings:

� ½0¾ 	¥2^� � �OÈ � ½0¿ 	¥2^� �+� v � ½ � 	�2[�º/+�
. On the otherhand,Atwood and

Polson(1976)reporteda similar effect: For four problemswith the following abso-
lute valuesof distractors

� v ��� v � �É	Ê���
thesignificantdecreaseof performance

wasnot from problem1 to problem2 but from problem2 to problem3. Considering
bothkindsof indicators– structuraldifferenceto thesourceandnumberof distractors
– asmeasuresfor problemdifficulty, thesefindingssuggest,that thereexists some
thresholdup to which problemscanbe solved. This seemsto be true for problems
solvedby ameans-endstrategy aswell asfor transferproblems.

A possibleexplanationis, thatwith problem5 we have reachedthe margin of the
rangeof structuraloverlapwherea problemcanbehelpful for solvinga targetprob-
lem. A conjectureworth further investigationis, thata problemcanbeconsideredas
a suitablesourceif it sharesat leastfifty percentof its structurewith the target! An
alternativehypothesisis, thatnot therelativebut rathertheabsolutesizeof structural
overlapdeterminestransfersuccess– thatis, thatasourceis nolongerhelpful to solve
thetarget,if thenumberof nodescontainedin thecommonsub-structuregetssmaller
thansomefixedlower limit.

GeneralDiscussion

In our studies we investigatedonly a small selection of analytically possible
source/targetrelations.We did not investigatemany-to-oneversusone-to-many map-
pings(Spellman& Holyoak,1996),andwe only lookedat targetexhaustivenessver-
sussourceinclusivenessfor problemswith a large commonstructure. We plan to
investigatethesevariationsin furtherstudies.For source/targetrelationswith a vary-
ing degreeof structuraloverlapwe wereable to show that a problemis suitableas
sourceeven if it sharesonly abouthalf of its structurewith the target. A first expla-
nationfor this finding which goesalongwith modelsof transformationalanalogyis,
thatsubjectsfirst constructapartialsolutionguidedby thesolutionfor thestructurally
identical part of the solution, and than usethis partial solution as a constraintfor
finding the missingsolutionstepsby someproblemsolving strategy (asmeans-end-
analysis,Newell, Shaw, & Simon,1958)or by internalanalogy(Hickman& Larkin,
1990).

Internalanalogydescribesa strategy wherea previously ascertainedsolutionfor a
part of a problemguidesthe constructionof a solutionfor anotherpart of the same
problem.For theproblemdomainweinvestigated,internalanalogygivesnoplausible
explanation:Theconstraintsusedto figureout thesolutionstepsfor theoverlapping
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partof thetargetproblemarenot thesameasthoseusedfor thenon-overlappingpart
– thereforeinternalanalogycannotbe applied. A secondexplanationmight be, that
subjectstry to re-representthetargetproblemin suchawaythatit becomesisomorphic
to thesource(Hofstadter& TheFluid AnalogiesResearchGroup,1995;Forbusetal.,
1998). Again, this explanationseemsto be inplausiblefor our domain:Becausethe
numberof jugsandgiveninitial, goal,andmaximumquantitiesdeterminethesolution
stepscompletely, re-representation(for examplelooking at two differentjugsasone
jug) cannotbehelpful for findinga solution.

The resultsof thepresentstudygive somenew insightsaboutthe natureof struc-
tural similarity underlyingtransfersuccessin analogousproblemsolving. While it is
agreeduponthatapplicationof analogiesis mostlyinfluencedby structuralandnotby
superficialsimilarity (Reedet al., 1974;Gentner, 1983;Holyoak& Koh, 1987;Reed
et al., 1990;Novick & Holyoak,1991),thereareonly few studiesthathave investi-
gatedwhich type andwhat degreeof structuralrelationshipbetweena sourceanda
targetproblemis necessaryfor transfersuccess.

Holyoak andKoh (1987)usedvariantsof the radiationproblem(Duncker, 1945)
to show thatstructuraldifferenceshave an impacton transfer. They variedstructural
similarity by constructingproblemswith differentsolutionconstraints.In studiesus-
ing variantsof themissionaires-cannibalesproblemstructuralsimilarity wasvariedin
thesameway (Reedet al., 1974;Gholsonet al., 1996). In the areaof mathematical
problemsolving, typically the complexity of the solutionprocedureis varied(Reed
et al., 1990; Reed& Bolstad,1991). While in all of thesestudiesnon-isomorphic
source/targetpairsareinvestigated,in noneof themthetypeanddegreeof structural
similarity wascontrolled.Thus,thequestionof which structuralcharacteristicsmake
asourceasuitablecandidatefor analogicaltransferremainedunanswered.

Investigatingstructuralsource/targetrelationsis of practicalinterestfor severalrea-
sons: (1) In an educationalcontext (cf. tutoring systems)the provided examples
have to becarefullybalancedto allow for generalization(learning). Presentingonly
isomorphsrestrictslearningto small problemclasses,while too large a degreeof
structuraldissimilaritycanresultin failureof transferandtherebyobstructslearning
(Pirolli & Anderson,1985). (2) A plausiblecognitive modelof analogicalproblem
solving (Falkenhaineret al., 1989;Hummel& Holyoak,1997)shouldgeneratecor-
recttransferonly for suchsource/targetrelationswherehumansubjectsperformsuc-
cessfully. (3) Computersystemswhich employ analogicalor case-basedreasoning
techniques(Carbonell,1986;Schmid& Wysotzki,1998)shouldrefrainfrom analog-
ical transferwhenthereis a high probability of constructingfaulty solutions. Thus,
situationscanbeavoidedin which systemusershave to check– andpossiblydebug
– generatedsolutions. Here informationaboutconditionsfor successfultransferin
humananalogicalproblemsolving canprovide guidelinesfor implementingcriteria
whenthestrategy of analogicalreasoningshouldberejectedin favour of otherprob-
lemsolvingstrategies.
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Appendix

In the following we presentall problemsusedin experiment1 and 2. Because
thegraphsof theproblemstructuresarelarge,we give theequationsandinequations
(terms)instead. For eachproblem,a graphcanbe constructedby representingthe
termsasdemonstratedin figure3. Thetermsget integratedinto a singlestructureby
usingeachparameter( $ % � $ ' �����

, , % � , ' �����
) asuniquenode.

Problemsfor Experiment 1

Initial Problem
Jug A B C (D)
Capacity 28 35 42 -
Initial quantity 12 21 26 -
goalquantity 19 0 40 -

Operator sequence:pour(C,B),pour(B,A),pour(A,C),pour(B,A)

RelevantProceduralInformation/RelevantDeclarative Information(Constraints),see
Sourceproblem

SourceProblem
Jug A B C (D)
Capacity 36 45 54 -
Initial quantity 16 27 34 -
goalquantity 25 0 52 -

Operator sequence:pour(C,B),pour(B,A),pour(A,C),pour(B,A)

RelevantProceduralInformation
, % d �)fz	 , % d 2)fC� dg$ % hZ, % d 20fjf hW$ % � dn$ ' hmdn$ % hZ, % d 2)fjfjf
,�']d �rfz	 ,�'sd 2)fC� dg$&'EhZ,�'�d 2)fjf hmdn$&%ohW,�%ed 20fcf hmdn$&'Ehmdn$�%OhZ,�%ed 2)fjfcf
, * d �)fz	 , * d 20f hmdn$�'EhW,�'sd 20fjfN� $&%
RelevantDeclarative Information(Constraints)
$ % 	(��� dg$ ' hZ, ' d 20fcf
$ ' u-dn$ % hW, % d 20fcf
,�*sd 20f u²dn$ ' hW, ' d 2)fjf
$ * vw, * d 2)f�� $&%
Problem1 (Isomorph/No SurfaceChange)

Jug A B C (D)
Capacity 48 60 72 -
Initial quantity 21 36 45 -
goalquantity 33 0 69 -

Operator sequence:pour(C,B),pour(B,A),pour(A,C),pour(B,A)

Structural distanceto source:
�)½ � 	(2

RelevantProceduralInformation/RelevantDeclarative Information(Constraints),see
Sourceproblem



StructuralSimilarity 27

Problem2 (Isomorph/Small SurfaceChange)

(Source/TargetMapping:A/B, B/A, C/A)
Jug A B C (D)
Capacity 60 48 72 -
Initial quantity 36 21 45 -
goalquantity 0 33 69 -

Operator sequence:pour(C,A),pour(A,B),pour(B,C),pour(A,B)

Structural distanceto source:
� ½ � 	(2

RelevantProceduralInformation
, % d �)fz	 , % d 2)fC� dg$ % hZ, % d 20fjf hËdg$ ' hZ, ' d 20fcf hËdg$ % hËdg$ ' hZ, ' d 20fcfjf
,�']d �rfz	 ,�'sd 2)fC� dg$&'EhZ,�'�d 2)fjf hZ$&' � dn$&%ohËdg$&'ZhZ,�'�d 20fcfjf
, * d �)fz	 , * d 20f hmdn$�%OhZ,�%ed 2)fjf�� $&'
RelevantDeclarative Information(Constraints)
$ ' 	.�]� dn$ % hZ, % d 2)fjf
$ % u.dn$ ' hW, ' d 20fjf
, * d 20f u²dn$&%ohZ,�%ed 2)fjf
$ * vw, * d 2)f�� $&'
Problem3 (Isomorph/Lar geSurfaceChange)

(Source/TargetMapping:A/B, B/C, C/A)
Jug A B C (D)
Capacity 72 48 60 -
Initial quantity 45 21 36 -
goalquantity 69 33 0 -

Operator sequence:pour(A,C),pour(C,B),pour(B,A),pour(C,B)

Structural distanceto source:
�)½)¾ 	(2

RelevantProceduralInformation
,�%ed �)fz	 ,�%ed 2)f hËdg$ * hW, * d 2)fjf�� $&'
,�']d �rfz	 ,�'sd 2)fC� dg$&'EhZ,�'�d 2)fjf hZ$&' � dn$ * hmdn$&'EhZ,�']d 2)fjfjf
, * d �)fz	 , * d 20f�� dn$ * hZ, * d 20fcf hmdn$&'EhZ,�']d 2)fjf hmdn$ * hmdn$�'ZhW,�']d 20fjfcf
RelevantDeclarative Information(Constraints)
$&' 	.�]� dn$ * hE, * d 20fcf
$ * u.dg$&'EhZ,�']d 20fcf
,�%ed 20f u-dn$ * hZ, * d 20fjf
$&%�vw,�%4d 20fC� $&'
Problem4 (Partial Isomorph/No SurfaceChange)

(additionaljug: A; Source/TargetMapping:A/B, B/C, C/D)
Jug A B C D
Capacity 16 20 25 31
Initial quantity 3 8 15 18
goalquantity 0 13 3 28

Operator sequence:pour(D,C),pour(C,B),pour(B,D),pour(C,B),pour(A,C)
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Structural distanceto source:
� ½0¿ 	(2^� � /

RelevantProceduralInformation
, % d ��fz	 , % d 2)f hW, % d 20f
, ' d �0fz	 , ' d 2)fC� dg$ ' hZ, ' d 2)fjf hZ$ ' � dn$&*Whmdn$ ' hZ, ' d 2)fjfjf
,�*sd ��fz	 ,�*kd 20f�� dn$�*ohZ,�*sd 20fcf hmdn$ ' hZ, ' d 2)fjf hmdn$&*Zhmdn$ ' hW, ' d 20fjfcf
,�ÌÍd ��fz	 ,�ÌÍd 20f hmdn$&*WhZ,�*kd 20fcf�� $ '
RelevantDeclarative Information(Constraints)
$&' 	.�]� dn$ * hE, * d 20fcf
$ * u.dg$&'EhZ,�']d 20fcf
$ * uw,�%ed 20f
, Ì d 20f u-dn$ * hZ, * d 20fcf
$ Ì vË, Ì d 2)fC� $&'
Problem5 (Partial Isomorph/Small SurfaceChange)

(additionaljug: A; Source/TargetMapping:A/C, B/B, C/D)
Jug A B C D
Capacity 16 25 20 31
Initial quantity 3 15 8 18
goalquantity 0 3 13 28

Operator sequence:pour(D,B),pour(B,C),pour(C,D),pour(B,C),pour(A,B)

Structural distanceto source:
� ½ � 	(2^� � /

RelevantProceduralInformation
, % d ��fz	 , % d 2)f hW, % d 20f
,�*sd ��fz	 ,�*kd 20f�� dn$�*ohZ,�*sd 20fcf hZ$&* � dg$ ' hmdn$&*ZhZ,�*kd 20fcfjf
, ' d �0fz	 , ' d 2)fC� dg$ ' hZ, ' d 2)fjf hmdn$&*ZhZ,�*kd 20fcf hËdg$ ' hmdn$&*ZhZ,�*kd 20fcfjf
,�ÌÍd ��fz	 ,�ÌÍd 20f hmdn$ ' hZ, ' d 2)fjfC� $&*
RelevantDeclarative Information(Constraints)
$ * 	(��� dn$&'ZhE,�'sd 2)fjf
$&'mu-dn$ * hZ, * d 20fcf
$&'mum,�%ed 2)f
, Ì d 20f u-dn$&'�hW,�'sd 2)fjf
$ Ì vË, Ì d 2)fC� $ *
Problemsfor Experiment 2

(Initial problemandsourceproblemareidenticalto experiment1.)

Problem1 (TargetExhaustiveness)

(Source/TargetMapping:A/A, B/B, C/C)
Jug A B C (D)
Capacity 48 60 72 -
Initial quantity 21 36 45 -
goalquantity 0 33 69 -

Operator sequence:pour(C,B),pour(B,A),pour(A,C)
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Structural distanceto source:
� ½ � 	(2^�£���

RelevantProceduralInformation
,�%edg� fz	 ,�%ed 2)fC� dg$&%OhZ,�%ed 20fjf hW$&%
,�']dn� fz	 , * d 2)fC� dg$&'EhZ,�'sd 20fcf hËdg$&%ohW,�%Hd 20fcf
, * dn� fz	 ,�'�d 2)f hËdg$&'EhZ,�'sd 20fcf�� $�%
RelevantDeclarative Information(Constraints)
$&% 	(��� dg$&'EhZ,�']d 20fcf
$&'mu-dn$&%OhW,�%ed 20fcf
, * d 20f u²dn$&'�hW,�'sd 2)fjf
$ * vw, * d 2)f�� $&%
Problem2 (SourceInclusiveness)

(Source/TargetMapping:A/A, B/B, C/C)
Jug A B C (D)
Capacity 48 60 72 -
Initial quantity 21 36 45 -
goalquantity 33 60 9 -

Operator sequence:pour(C,B),pour(B,A),pour(A,C),pour(B,A),pour(C,B)

Structural distanceto source:
� ½ � 	(2^�£��/

RelevantProceduralInformation
,�%ed ��fz	 ,�%ed 2)fC� dg$&%OhZ,�%ed 20fjf hW$&% � dn$&'Zhmdn$&%ohZ,�%ed 2)fjfjf
,�']d �0fz	 ,�'sd 2)fC� dg$&'EhZ,�'�d 2)fjf hmdn$&%ohW,�%ed 20fcf hmdn$&'Ehmdn$�%OhZ,�%ed 2)fjfcf�� $�'
, * d ��fz	 , * d 20f hmdn$�'EhW,�'sd 20fjfN� $&%OhW$�'
RelevantDeclarative Information(Constraints)
$&% 	(��� dg$&'EhZ,�']d 20fcf
$&'mu-dn$&%OhW,�%ed 20fcf
, * d 20f u²dn$&'�hW,�'sd 2)fjf
, * d 20f vË$&'
$ * vw, * d 2)f�� $&%
Problem3 (“High” Structural Overlap)

(identicalto problem4 in experiment1)

Problem4 (“Medium” Structural Overlap)

(additionaljug: A; Source/TargetMapping:A/B, B/C, C/D)
Jug A B C D
Capacity 16 20 25 31
Initial quantity 6 9 15 18
goalquantity 14 14 0 20

Operator sequence:pour(D,C),pour(C,B),pour(D,A),pour(B,D),pour(C,B)

Structural distanceto source:
�)½0¿ 	(2^�º���

RelevantProceduralInformation
,�%ed ��fz	 ,�%ed 2)fC� dg, Ì d 20f hmdn$ * hZ, * d 20fcfjf
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,�']d �0fz	 ,�'sd 2)fC� dg$&'EhZ,�'�d 2)fjf hZ$&' � dn$ * hmdn$&'EhZ,�']d 2)fjfjf
, * d ��fz	 , * d 20f�� dn$ * hZ, * d 20fcf hmdn$&'EhZ,�']d 2)fjf hmdn$ * hmdn$�'ZhW,�']d 20fjfcf
,�ÌÍd ��fz	 ,�ÌÍd 20f hmdn$&*WhZ,�*kd 20fcf hËdg,�ÌÍd 20f hmdn$&*ZhZ,�*4d 20fcfjfN� $ '
RelevantDeclarative Information(Constraints)
$ % v.dn, % d 2)fC� ,�Ìtd 2)fjf
, % d 20f v-dn$&*WhZ,�*kd 20fjf
$&*ËÎ.dg$ ' hZ, ' d 20fcf
$ Ì Î²dg, Ì d 20f�� $&'
Problem5 (“Lo w” Structural Overlap)

(additionaljug: A; Source/TargetMapping:A/B, B/C, C/D)
Jug A B C D
Capacity 17 20 25 31
Initial quantity 7 9 15 18
goalquantity 16 5 0 28

Operator sequence:pour(B,A),pour(D,C),pour(C,B),pour(B,D),pour(C,B)

Structural distanceto source:
�)½ � 	(2^�º�+�

RelevantProceduralInformation
,�%ed ��fz	 ,�%ed 2)fC� ,�']d 20f
,�']d �0fz	 ,�'sd 2)f hW,�']d 20fC� $&'EhZ$&' � dn$ * hZ, * d 20fcf
, * d ��fz	 , * d 20f�� dn$ * hZ, * d 20fcf hZ$&'Ehmdn$ * hZ, * d 20fjf
, Ì d ��fz	 , Ì d 20f hmdn$ * hZ, * d 20fcf�� $�'
RelevantDeclarative Information(Constraints)
$&' 	.�]� dn$ * hE, * d 20fcf
$ % uw, % d 20fC� , ' d 20f
$&*Ëuw$ '
,�ÌÍd 20f u-dn$&*WhZ,�*kd 20fcf
$&Ì.vË,�ÌÍd 2)fC� $ '


